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Zusammenfassung

Das Transformationsverhalten der vektorwertigen Thetafunktion eines positiv-de-
finiten geraden Gitters unter der metaplektischen Gruppe Mp,(Z) wird durch die
Weil-Darstellung beschrieben. Im ersten Teil dieser Arbeit untersuchen wir Modul-
formen zur Weil-Darstellung. Dies ist in drei Projekte unterteilt:

Fiir eine isotrope Untergruppe H einer Diskriminantenform D existiert eine An-
hebung von Modulformen fiir die Weil-Darstellung der Diskriminantenform H=+/H
zu Modulformen fiir die Weil-Darstellung von D. Wir bestimmen eine Menge von
Diskriminantenformen, sodass alle Modulformen fiir jede Diskriminantenform von
den Diskriminantenformen in dieser Menge induziert sind. Auferdem existieren
fiir jede Diskriminantenform in dieser Menge Modulformen, die nicht von kleineren
Diskriminantenformen induziert sind.

Als néichstes untersuchen wir die Invarianten der Weil-Darstellung. Insbesondere
zeigen wir, dass diese von 5 fundamentalen Invarianten induziert sind.

Im dritten Projekt zeigen wir, dass der Raum der Spitzenformen fiir die Weil-
Darstellung durch Thetareihen erzeugt wird. Dies gibt eine positive Antwort auf
Eichlers Basisproblem in diesem Fall. Als Anwendung leiten wir Waldspurgers

Ergebnis zum Basisproblem fiir skalare Modulformen her.

Der zweite Teil dieser Arbeit befasst sich mit orthogonalen Modulformen. Zu-
nachst geben wir einen neuen Beweis der Surjektivitat des multiplikativen Borcherds-
Lift, der auf der Analyse der lokalen Picard-Gruppen basiert und sich unmittelbar
aus dem Basisproblem ergibt. Dann untersuchen wir orthogonale Hecke-Operatoren,

insbesondere berechnen wir die Hecke-Eigenwerte von Borcherds ®45.



Abstract

The transformation behaviour of the vector-valued theta function of a positive-
definite even lattice under the metaplectic group Mp,(Z) is described by the Weil
representation. In the first part of this thesis we study modular forms for the Weil
representation. This is divided into three projects:

For an isotropic subgroup H of a discriminant form D there exists a lift from
modular forms for the Weil representation of the discriminant form H+/H to mod-
ular forms for the Weil representation of D. We determine a set of discriminant
forms such that all modular forms for any discriminant form are induced from the
discriminant forms in this set. Furthermore, for any discriminant form in this set
there exist modular forms that are not induced from smaller discriminant forms.

Next we investigate the invariants of the Weil representation. In particular, we
show that they are induced from 5 fundamental invariants.

In the third project we show that the space of cusp forms for the Weil represen-
tation is generated by theta series. This gives a positive answer to Eichler’s basis
problem in this case. As application we derive Waldspurger’s result on the basis

problem for scalar-valued modular forms.

The second part of this thesis is about orthogonal modular forms. First, we
give a new proof of the surjectivity of the multiplicative Borcherds lift based on the
analysis of local Picard groups that follows immediately from the basis problem.
Then we study orthogonal Hecke operators, in particular, we compute the Hecke

eigenvalues of Borcherds™ ®s.
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Introduction

Modular forms, which are the object of study of this thesis, have numerous applica-
tions in both number theory and geometry. They arise naturally in various branches
of mathematics, uncovering profound connections between different areas.

Let H be a hermitian symmetric space, I' a group that acts properly discon-
tinuously on H from the left and p : I' — GL(V) a complex representation of I'.
A modular form of weight k for the representation p of I' is a holomorphic (or

sometimes meromorphic) function f:H — V' that satisfies

f(v2) =57, 2)"p() f(2)

for all z € H, v € T" and some slow growth condition at the boundary, where
j:I'xH — Cis a factor of automorphy. Often H will be given by G(R)/K, where
G is a Z-group scheme and K C G(R) is a compact subgroup. Then G(R) naturally
acts on H and I' will be some subgroup of G(Q) commensurable with G(Z).
Consider for example G = SLy. Let H == {7 = 2+ iy € C | y > 0} be the
complex upper half-plane. The group SLs(R) acts on H from the left via Mobius
ab

transformation (¢ %) 7 = g:js Then SLy(R)/SO(2) and H are biholomorphic under

vSO(2) — i

and j(y,7) = ¢ +d for v = (2%) € SLy(R) is a factor of automorphy. Let
I' € SLy(Z) be some congruence subgroup and x : I' — C a character. Modular
forms of weight k£ and character y for I' are the classical modular forms that have
been studied first. They play a central role, for example, in the famous modularity
theorem, which roughly states that the points over [, of a rational elliptic curve of
conductor N are counted by a modular form or more precisely a cuspform of weight
2 for I'y(N).

In this thesis we will study modular forms for the Weil representation of Mp,(Z)

as well as modular forms for orthogonal groups.
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Modular forms for the Weil representation

The Weil representation describes the transformation behavior of the vector-valued
theta series of an even lattice under the group Mp,(Z) (see below). It is a special
case of the representations of symplectic groups constructed by Weil in [69] and
plays an important role in representation theory, the theory of modular forms and
even quantum field theory.

A discriminant form is a finite abelian group D with a non-degenerate quadratic
form q : D — Q/Z. The level of D is the smallest positive integer N such that
Nq(y) € Z for all v € D.

The metaplectic group Mpy(Z) is a double cover of SLy(Z). Its elements can
be described as the pairs (M, ¢), where M = (2%) € SLy(Z) and ¢ : H — C is a
holomorphic function such that ¢(7)? = j(M,7) = c7 + d.

For every discriminant form D, there exists a representation pp : Mpy(Z) —
GL(C[D]) called the Weil representation, which we describe in detail in Chapter [1]
A function f : H — CI[D] is called a modular form of weight k € %Z for the Weil
representation if (cf. Definition

(1) f(M7) = d(1)*pp((M,¢))f(7) for all (M, ¢) € Mp,(Z)
(ii) f is holomorphic
(iii) f is bounded as T — icc.

We denote the space of modular forms of weight k for the Weil representation by
Mg(D). Furthermore, we denote by Si(D) the space of cusp forms of weight k for
pp, which are the modular forms that vanish at infinity. In the first part of this
thesis we study these types of modular forms.

A first example of modular forms for the Weil representation are theta series.
Let L be a positive-definite even lattice, i.e. a free Z-module of finite rank m with
a non-degenerate symmetric bilinear form (-, -) such that (A, \) € 2Z> for all A €
L. We denote by L' the dual lattice of L. Then L'/L is a discriminant form
with quadratic form given by q(v) = (v7,7)/2 mod 1. Let P € Clzy,...,x,] be a
harmonic polynomial of homogeneous degree k — m/2 with k& > m/2. The vector-

valued theta series 0, p is given by

QLP ZP 7rz)\)\7- )\+L Z ‘g'yP

Ael’ yeL'/L

where 0, p(7) = >\, P (\)e™AN7 - By the Poisson summation formula, 6, p is

a modular form of weight k for the Weil representation corresponding to L'/L.
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The signature sign(D) € Z/8Z of a discriminant form D is given by the signature
of any even lattice with that discriminant form. The non-trivial element in the
kernel of the covering map Mp,(Z) — SLy(Z) acts as (—1)%#"(P) so that the Weil
representation pp descends to a representation of SLy(Z) if D has even signature.

We now describe the individual main results in detail.

Isotropic Lifts

Let H be an isotropic subgroup of a discriminant form D. Then H/H is a discrim-
inant form of the same signature as D and of order |H+/H| = |D|/|H|*. There is an
isotropic lift t5:=18: C[H+/H] — C[D] which commutes with the corresponding
Weil representations (see Section [2.1). In particular, 15 maps modular forms to
modular forms. The modular forms of the form 1y (f) for f € My(H*/H) span a
subspace of M(D). Since small discriminant forms are much easier to understand
than large ones, it is important to know when this subspace is all of My (D).

In Chapter [2] we determine a set of discriminant forms such that for any discrim-
inant form D the space My (D) is generated by modular forms of the form 15 (f),
where H-/H is isomorphic to a discriminant form in this set. Furthermore, this set
is minimal in the sense that for any such discriminant form, there exists a modular
form that is not induced from any smaller discriminant form. We call the discrimi-
nant forms in this set of small type:

First assume that D is a discriminant form of level a power of a prime p. If p is odd

we say that D is of small type if one of the following conditions holds:

(i) D has rank two or less.

(ii) D has rank three and at least one Jordan component is of level p.

iii) D has rank four and is of type p~%¢i'¢F!, where ¢ = (=L) and ¢, ¢ are
1 42 »

powers of p and can also be p.

(iv) D has rank five and is of level p.

Here we have used the notation of Conway and Sloane for the description of dis-
criminant forms (cf. [20, Chapter 15] and Section [L.)).

If p = 2, there is a similar characterization (cf. Section . If D has level N
and N = Hp‘ N P'? is the prime decomposition of N, then D decomposes into the

orthogonal sum of its p-subgroups

D= D

p|N



12

where Dy is the kernel of v — p*» - 4. We say that a discriminant form of level
N is of small type if for all p | N the p-subgroups D, of D are of small type. We
remark that any discriminant form of rank > 7 is not of small type and for a fixed
level there are only finitely many discriminant forms of small type. Now the main

result of Chapter [2is Theorem [2.4.1}

Let D be a discriminant form. Then all modular forms for the Weil represen-
tation of D are linear combinations of modular forms of the form 1y (f), where
H C D is an isotropic subgroup such that H+/H is of small type and f is a modu-
lar form for the Weil representation of H-/H. For any discriminant form of small
type there exist modular forms which are not linear combinations of isotropically

lifted modular forms.

This result is one ingredient for a theory of vector-valued newforms for the Weil
representation, which is still to be developed (cf. [12]).
We sketch the proof of the theorem. We say that a modular form f € Mg (D) is

a linear combination of isotropically lifted modular forms if we can write

F=Ytu (fu)

0£H

for suitable modular forms fi € My(HL/H). Here we sum over all non-trivial
isotropic subgroups. We show that for a discriminant form D all modular forms are
linear combinations of isotropically lifted modular forms if and only if D is not of
small type. Using the fact that the lifts are transitive, Theorem then follows
by induction on the order of D. We describe the first step in more detail.

We show that for a modular form f being a linear combination of isotropically
lifted modular forms is actually a pointwise property: f is a linear combination of
isotropically lifted modular forms if and only if for every 7 the point f(7) € C[D] is a
linear combination of isotropically lifted points v € C[H+/H]. One direction of this
equality is trivial, the other one is proved in Proposition For k large enough
every subrepresentation of pp contains some non-trivial modular form of weight
k. We deduce that all modular forms for all weights are linear combinations of
isotropically lifted modular forms if and only if the space generated by the images
of the maps 1y is all of C[D] (see Theorem [2.2.4). The latter question can be
reduced to the p-subgroups.

So it remains to show that the isotropic lifts generate C[D] if and only if D
is not of small type. The idea of the proof is to find some condition on v € D
which is equivalent to €7 being a linear combination of isotropic lifts. For p odd this

condition says that 41 contains some isotropic subgroup isomorphic to (Z/pZ)? (see
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Proposition . When D contains an isotropic subgroup isomorphic to (Z/pZ)3,
then this is the case for all v € D. Interestingly the other direction holds as well for
all discriminant forms except for p=<¢ with € = (%) This form does not contain
an isotropic subgroup isomorphic to (Z/pZ)?, but still for every v € D the subgroup
v+ contains an isotropic subgroup isomorphic to (Z/pZ)?. The form p~< is the only
discriminant form with this property.

In the case p = 2 the same condition also implies that e” € im(1), however it is
too strong and the other direction does not hold. We will use a result from graph
theory for a sharper condition (see Proposition .

In both cases we determine the discriminant forms that do not contain an
isotropic subgroup isomorphic to (Z/pZ)® and then check for which of them the
condition holds for all v € D and for which there exists a v € D, where the con-
dition is not met (see Theorems [2.3.10| and [2.3.18). We remark that, if a p-adic

discriminant form is of small type, then it does not contain an isotropic subgroup
isomorphic to (Z/pZ)3. Furthermore, there are very few p-adic discriminant forms
that are not of small type and do not contain an isotropic subgroup isomorphic to
(Z/pZ)°.

This chapter is based on the article [52].

Invariants of the Weil representation

The invariants of the Weil representation of Mpy(Z) are the modular forms of weight
0. For several applications it is important to have an explicit description of them.
For example the space of Jacobi forms of lattice index L and singular weight is
naturally isomorphic to the space of invariants C[L’/L]MP2(®) (cf. [66]). In Chapter
we investigate the space of invariants for the Weil representation. In particular, we
will specialize the main theorem on isotropically lifted modular forms to invariants.
We already know that any invariant must be a linear combination of lifted invariants
from discriminant forms of small type. Any discriminant form of small type contains
modular forms that can not be obtained from lifts. However, we should expect that
sometimes these modular forms have positive weight. So when we only consider
invariants, then the list of discriminant forms which contain invariants that are
not induced from smaller discriminant forms should be much smaller. In fact, we
show that all invariants are induced from 5 fundamental invariants. This result
generalizes the special case of when the corresponding discriminant form possesses
self-dual isotropic subgroups, in which case the invariants are generated by the

characteristic functions of these groups (cf. [66], [3] and [54]).
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Since the non-trivial element in the kernel of the covering map Mp,(Z) — SLo(Z)
acts as (—1)%8"(P) | the space of invariants C[D]MP2(%) is trivial if D has odd signature.
Hence, we can restrict to the case that the signature of D is even when we study the
subspace of invariants. Recall that in this case the Weil representation pp descends
to a representation of SLy(Z).

Now let D be a discriminant form of even signature and level N. Then the
Weil representation of SLy(Z) factors through the finite group I'(N)\SLy(Z) =
SL2(Z/NZ). Hence, we can project onto the subspace of invariants by averaging.

We define the map
invp : C[D] — C[D]

by

; 7y — 1 -1\ o7

o) = ST oy i
It maps onto the subspace of invariants C[D]%2(%). Using the explicit formulas for
the Weil representation given in [60] we can determine an explicit formula for invp
and derive a simple dimension formula for the subspace of invariants (see Theorem
. We compute the formulas for the projection and the dimension explicitly for
discriminant forms of prime level (see Section [3.2)).

Let N = Hp| ~ P? be the prime decomposition of NV and recall that D decomposes

into an orthogonal sum of its p-subgroups D,»». We find that

C[D]SLQ(Z/NZ) ~ ®C[DPVP]SL2(Z/prZ)

p|N

so that in order to describe the invariants of the Weil representation of SLy(Z) it
suffices to consider p-adic discriminant forms.

For this purpose we define 5 fundamental discriminant forms D of square class
x and signature s. Using the above formula for the projection we show that their
subspace of invariants is 1-dimensional and we determine a generator ;. We list

them in the following tables. For odd p they are given by

Dp# | square class | signature 7

0 square 0 mod 8 e
p4 square 4 mod8 | (p—1)e’— D yem €

€3 _ Y — Y
P non-square | 0 mod 2 ZW€M+ e Zwer €
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and for p = 2 by

Dy~ square class signature (
0 square 0 mod 8 e’
2, square 4 mod 8 = ene
2,72412 square t=2modd |> e = €
27145 857 | non-square [1+t=0mod2 |y e’ = €

Here we wrote M for the set of isotropic elements whose order is equal to the level
of Dy and remark that M has a canonical decomposition M = M T UM~ in the
indicated cases. The main result of Chapter [3|is the following (see Theorem [3.4.6)):

Let D be a discriminant form of even signature s, square class x and level p',
where p is a prime. Then the invariants of the Weil representation on C[D] are
2,8

generated by the invariants 15 (zp

that H+/H is isomorphic to the discriminant form D™*.
p

), where H is an isotropic subgroup of D such

We remark that Skoruppa’s result in [66] corresponds to the case that D7 is
trivial.

The idea of the proof is similar to that of Theorem [2.4.1 We show that for each
v € D, invp(e”) is a linear combination of isotropic lifts of invariants for suitable
isotropic subgroups unless invp(e?) = 0 or D is the fundamental discriminant form
Di*. Then by induction on the order of D, invp(e”) is a linear combination of
compositions of isotropic lifts of invariants of the form 4;°. The statement now
follows from the transitivity of the isotropic lift.

As an application of the main result we show (see Theorem :

Let L be a positive-definite even lattice of rank n and level N. Suppose n is even.
For p| N we denote the square class and the signature of the p-adic component of
L'/L by x, resp. s,. Let L be the set of all overlattices M > L such that the p-adic
component of M'/M is isomorphic to D" for all p| N. Then

. z«:( > )
MeL ~yeM' /M

where Dy pg 047 € C[M'/M]3%22) js the invariant corresponding to the product

L5
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Here

Inn(r.2) = Y e(r(o,a)/2+ (a,2))

aey+M
is the Jacobi theta function of the coset v+ M.
This chapter is based on joint work with N. Scheithauer [53].

The basis problem for the Weil representation

Let N be square-free and m = 0 mod 4. In [25] Eichler announced and later proved
in [26] that the space of newforms of weight m/2 for T'o(/N) has a basis consisting
of theta series corresponding to lattices of level N. These are scalar-valued theta
series, which are the 0-components of the vector-valued theta series defined earlier.
In general, finding a basis of an appropriate space of modular forms consisting of
theta series is known as the basis problem. For classical modular forms it was mostly
solved by Waldspurger in [68]. He proved that for all positive integers m = 0 mod 4
and k > m/2 the space of newforms of weight k for I'o(N) and trivial character is
generated by theta series of lattices of rank m and level N weighted with harmonic
polynomials of degree k —m/2. For non-trivial character he proved the result when
N is a square free integer congruent to 1 modulo 4. Furthermore, in [5] it was shown
that for £ > 2n+ 1 the space of Siegel cusp forms of weight k and genus n for I'y(N)
with N square free is generated by harmonic theta series of suitable lattices.

Two positive-definite even lattices L and M of rank m have isomorphic discrim-
inant forms D and hence isomorphic Weil representations if and only if they are
in the same genus, which is denoted by II,, (D). It is a natural question whether
the space of cusp forms Si(D) is generated by the vector-valued theta series in the
genus I, o(D). In Chapter [4| we answer this question in the affirmative if the rank
of the lattice is sufficiently large compared to the p-ranks of the discriminant form.
Because there is no canonical isomorphism between discriminant forms of lattices in
the same genus, there is also no canonical way to identify their Weil representations.

Therefore, we define for a discriminant form D

Om k(D) =span{c*0y p | L € I, o(D),
P harmonic of degree k —m/2, o € Iso(D,L'/L)},

where 0%0, p = Zve b o(y),p€”. The main result of Chapter [4fis Theorem W

Let D be a discriminant form of even signature sign(D) and m a positive integer
such that m = sign(D) mod 8, m > p-rank(D) for all primes p and m > 6. Then
there are positive-definite even lattices L such that L' /L = D, i.e. the genus II,, o(D)
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is non-empty. Suppose for any L of genus I, (D) the Z,-lattice L, = L @y Z,
splits a hyperbolic plane over Z, for all primes p. Then

for all k > m/2.

We remark that a p-adic lattice L, of rank m splits a hyperbolic plane over Z,
if and only if prank(D) < m — 2 or prank(D) = m — 2 and [[ ¢, = <_7“>, where

the p-adic component of D is equal to
D
q

in the notation of Conway and Sloane (cf. [20], chapter 15) and |D| = p®a with
(a,p) = 1. This is a property of the genus of L, rather than of L itself.

For simplicity, we restrict to the case m even. It is likely possible to extend the
result to m odd. Then we have to consider the metaplectic group Mp,(Z) instead of
SLy(Z). Also the condition m > 6 can possibly be relaxed. Then however, we will
need to deal with some issues regarding convergence of some of the objects used in
the proof.

The proof of Theorem uses the so-called doubling method that was also
employed in [5] and [28]. In what follows we give a short description of the proof
idea.

First let us consider the case k = m/2. The lattices contributing to ©,, (D) are
in the genus II,, (D), which we will denote by G. We define a map ®p : Sp(D) —
Omir(D) by

Bp(f) = u(C) O s Y ()0,

o€lso(D,L' /L)
Here the first sum ranges over the positive-definite even lattices in G, u(G) de-
notes the mass of G, (-,-) the Petersson scalar product and O(D) = Iso(D, D)
the orthogonal group of D. The map ®p sends cusp forms to cusp forms with
image ©,, (D) N Sk(D). We want to show that it is injective. The definition of
vector-valued theta series can be extended to Siegel theta series of genus 2. We find

that

p dzdy
2 Y

p(f)() = / TR (G

where

1
06 = w(@ OO > s >, o)

LeG o€lso(D,L'/L)
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is the Siegel genus theta series. By the Siegel-Weil formula, Hg ) is equal to the Siegel

Eisenstein series E,(CQ)D Studying E,?l)) ((55%)) we show that ®p can be expressed in

terms of Hecke operators for the Weil representation, i.e.

e(—sign(D)/8) <~ T ()

/|D| — le—Q )

where C'(k) is some non-zero constant depending only on k. We will see that if
@1/ (f) = 0, then for any sublattice M C L we also have @M//M(T%;\C[M (f)) =0.

On the other hand, by investigating the action of the Hecke operators for primes

dividing the level of D, we find that ®p(f) = 0 implies that f has certain symme-
tries. Finally, we show that if the conditions of Theorem are satisfied, then
we find a sublattice M C L such that TJLV[/,]\QM (f) has the required symmetry only if
f =0. Thus, ®p is injective.

For k = m/2 + h with h > 0 we apply a certain differential operator d, to the
genus theta series and then proceed analogously to the case k = m/2.

As application of our main theorem we show how Waldspurger’s result can be
derived from it.

This chapter is based on the preprint [51].

Modular forms for orthogonal groups

The second part of this thesis is concerned with orthogonal modular forms: Let
L be an even lattice of signature (n,2) with n > 3. We denote by O(L)" the
elements in the orthogonal group of L with positive spinor norm. It acts properly
discontinuously on the hermitian symmetric space O(L ®z R)/(O(n) x O(2)). The

complex manifold
K={[Z] € P(L®zC) | (ZL, Z1) = 0,(ZL, Z1) < 0}

has two connected components. We choose one of them and denote it by . Then
Kt and O(L ®zR)/(0O(n) x O(2)) are biholomorphic.
We can write L®7Q = (K & 1l 1) ®7Q, where K is an even lattice of signature
(n—1,1). Then
HE={X+iY € K®,C|(Y,Y) <0}

is biholomorphic to K. We denote the component that is mapped to Kt by H.
Let I' € O(L)" have finite index and let x : I' = C be a character. A mero-

morphic function ¢ : H — C is called an orthogonal modular form of weight & and
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character y for I" if
b(vZ) = (v, 2)*x()(Z)

for all v € I" and Z € H and v is meromorphic at the boundary, where j(v, Z) is a
given factor of automorphy (cf. Section [5.2)). If ¢ is actually holomorphic on H and
at the boundary, then we say that 1 is a holomorphic modular form. We denote
the space of holomorphic orthogonal modular forms of weight k& and character x for
I by My (L, x).

The boundary of KT in N == {[Z;] € P(L®zC) | (Z1,Z) = 0} has 0-
and 1-dimensional components, which are in 1-1-correspondence with the 1- and
2-dimensional isotropic subspaces of L ®7 R, respectively. A 1-dimensional bound-
ary component can be identified with a usual complex upper half-plane and the
restriction of an orthogonal modular form to a rational 1-dimensional boundary
component is a modular form for a congruence subgroup of SLy(Z). The operator
that projects a modular form to a rational boundary component is called the Siegel
d-operator.

The complex manifold I'\K ™ can be compactified by adding finitely many 0- and
1-dimensional cusps, which are the I'-orbits of the rational boundary components
of K*. This compactification is called the Bailey-Borel compactification of T'\C*
and we denote it by Xr.

Orthogonal modular forms and Borcherds products

In [7] Borcherds constructed a lift from modular forms of weight 1 — n/2 for the
Weil representation of Mp,(Z) to meromorphic orthogonal modular forms for finite
index subgroups I' of O(L)" (see [7, Theorem 13.3|). These orthogonal modular
forms have product expansions at O-dimensional cusps and are therefore called au-
tomorphic products or Borcherds products. The divisor of a Borcherds product,
which is the formal sum of its zeros and poles with multiplicities, is a linear combi-
nation of rational quadratic divisors. It defines an element of the Picard group of
Xr. Let s be a generic point on a 1-dimensional cusp of Xt (cf. Definition [5.2.1)).
By pullback, the divisor of a Borcherds product also defines an element of the lo-
cal Picard group Pic(Xr,s). If a divisor is torsion in all local Picard groups, we
say that it is trivial at generic boundary points. Using our result regarding the
basis problem for modular forms for the Weil representation, we can show that the
space of local obstructions for constructing Borcherds products generates the space
of global obstructions. This gives a condition for whether a given divisor is the

divisor of a Borcherds product that depends only on its behaviour on the boundary
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components. Let I' = ker(O(L) — O(L//L)) N O(L)™ be the discriminant kernel of
L. Generalizing [13, Theorem 5.4|, we obtain Theorem [5.3.5;

Let L be an even lattice of signature (n,2) with even n > 8 splitting two hyperbolic
planes Il & I, 1. Assume that the discriminant form D = L'/L satisfies the
conditions of Theorem[{.3.7] for m =n — 2. Let

H=23" S snHED

BeD 1eZ+q(B)
>0

be a finite linear combination of Heegner divisors H(B,1) (with coefficients ¢(5,1) €

Z). Then the following statements are equivalent:
i) H is the divisor of a Borcherds product for the group T.
ii) H is the divisor of a meromorphic automorphic form for T.

i11) H is trivial at generic boundary points.

As a corollary we get for certain lattices a new proof that ii) implies i), which
is the converse theorem in [IT]. Theorem follows immediately from Theorem
[4.3.7 Because of Serre duality, the existence of a Borcherds product with a given
divisor is controlled by the space Si4,/2(L'/L) and according to a result of Bru-
inier and Freitag in [13], whether a divisor is trivial at generic boundary points is
controlled by ©,_211n/2(L'/L).

This section is also based on the preprint [51].

Orthogonal Hecke operators

Let G be a group and I' C G be a subgroup. Then (I', G) is called a Hecke pair if
for all a € G the set
M\lal

is finite. The Hecke algebra J#(I",G) is then defined as the algebra of functions
from I'\G/T" to Z with finite support and the product is given by a convolution
product.

For example (SL2(Z),GL2(Q)4) is a Hecke pair and the corresponding Hecke
algebra acts on the space of modular forms for SLy(Z). The theory of Hecke oper-
ators for symplectic groups has been studied intensively. For orthogonal modular
forms much less is known. In [33] in particular the lattice 119> was treated and in

[43] some more general results were proved.
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We will consider unimodular lattices, so let L be a unimodular even lattice of

signature (n,2) with n > 3 and let
GO(L ®7 Q) ={a € GL(L ®z Q) | (aw, aw) = s(a)(v,w) for some s(a) € Q*}
denote the group of orthogonal similitudes. We let G = GO(L®zQ)" € GO(L®zQ)
denote the subgroup consisting of elements with positive spinor norm and set
I' = O(L)*. Then (I',G) is a Hecke pair and (", G) acts on the space of or-
thogonal modular forms. First we prove an elementary divisor theorem for (I', G).
Since scalar matrices act trivially on orthogonal modular forms, we may restrict to
considering only those a € G with a(L) C L and s(«) € Z~. For m € Z-y we
denote G(m) ={a € G| a(L) C L, s(a) = m} and get a bijection
Gm)/T - {M CL|M=\/mL}
a— afL).

We then have Theorem [6.1.12:

Let M C L with M = \/mL for some m € Z~q. Then there exist unique integers
ar | ... | apjosr | m with af | m fori <n/2+1 and anjei1 < /m such that

M c T LA %n /2415

Here Lofn/2+1m =\ /m[, is a specific sublattice of L that depends on the
integers ai | ... | anjo41 | m (see page [162). We have a similar result for SO(L)*

(see Theorem [6.1.10)).
By Theorem [6.1.12] if p is a prime, then G(p) consists of only one double coset.

We denote the corresponding Hecke operator by T (p). We will investigate them
in more detail. In Proposition [6.2.3] we will give an explicit decomposition of the

double coset G(p) into right cosets modulo I'. Using this decomposition we can
show how T (p) commutes with the ®-operator. We obtain Theorem [6.2.6}

Let x be either trivial or equal to det. Then the diagram

M (T, y) S r;‘(p)%; M,
T(p)l lp"/Q’“/2T(p)+p"’“/21+p’“/2
Mi(T, x) —22— My

commutes.

Here T'(p) is the classical Hecke operator on modular forms for SLy(Z). The sum
in the top arrow ranges over the ®-operators for all 1-dimensional cusps of Xr and

the 7’;‘ are representation numbers counting numbers of certain sublattices.
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Eigenvalues of Borcherds’ &4,

An important example of an orthogonal modular form is Borcherds’ ®15. Let L =
Iy 9 = A® I, 1 @ II 1, where A is the Leech lattice. Then @4, is the multiplicative
Borcherds lift of 1/A on L, where A(7) = ¢[[,—,(1 — ¢")** = >>7, 7(n)g" is the
modular discriminant. It is a holomorphic orthogonal modular form of weight 12
and character det for O(L)" and it is the only holomorphic automorphic product of
singular weight on a unimodular lattice. It is a simultaneous eigenform for 57 (I', GG)
with I" and G as before. Using Theorem we find that for the eigenvalues A(p)
of @5 corresponding to T (p) we have

Ap) =r(p)('r(p) + p" + 1%,

where r(p) is equal to

#{M C A | there exists a 8 : /pA = M such that det(8) = +p}
— #{M C A | there exists a B : \/pA = M such that det(8) = —p}.

We will give an explicit formula for the representation numbers r(p) in Theorem
.32k

Let p be a prime and let a be a zero of X? — 7(p)p~'*/2X + 1. Then the repre-

sentation number r(p) is up to a sign equal to

33 11
P _ .
r(p) = j:—a6 | |(1 +p 11/2+Ja).
Jj=0

We derive this formula with the help of the Satake isomorphism. The numbers
r(p) are up to a known factor equal to the Hecke eigenvalues of a Siegel theta
function. The Satake parameters of this function, which encode its eigenvalues,
were computed in [19].

The last two chapters are based on joint work with M. Dittmann and N. Scheit-
hauer [22].



Part 1

Modular forms for the Weil

representation

23



Chapter 1
The Welil representation

In this chapter we describe the Weil representation and define modular forms that
transform with respect to this representation. We will consider elliptic modular
forms as well as Siegel modular forms. Finally, we also describe the adelic Weil

representation.

1.1 Discriminant forms

In this section we recall some results on discriminant forms (cf. [I], [9], [20], [55],
[60] and [66]).

A discriminant form is a finite abelian group D with a quadratic form q :
D — Q/Z such that (8,v7) = q(8 + ) — q(8) — q(y) mod 1 is a non-degenerate
symmetric bilinear form. The level of D is the smallest positive integer N such that
Nq(y) =0mod 1 for all v € D. The square class of D is square if |D| is a square
and non-square otherwise.

Let L be an even lattice, i.e. a free Z-module of finite rank with a bilinear
form (-,-) : L x L — Z such that (A, \) is even for all A € L. We denote by
L' ={ye L®sQ| (7,\) € Zforall \ € L} the dual lattice of L. Then L'/L
is a discriminant form with the quadratic form given by q(y) = (v,7)/2 mod 1.
Conversely, every discriminant form can be obtained in this way. The corresponding
lattice can be chosen to be positive-definite. In general, L ®7 R = R x R'- such
that (-,-) is positive-definite on R** and negative-definite on R~ and (¢,,¢_) is
called the signature of L. The signature sign(D) € Z/8Z of a discriminant form D
is defined as sign(D) = t; — t_ mod 8, where (f;,?_) is the signature of any even
lattice with that discriminant form.

Every discriminant form decomposes into a sum of Jordan components and every

24
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Jordan component can be written as a sum of indecomposable Jordan components
(usually not uniquely). The possible non-trivial Jordan components are the follow-
ing.

Let ¢ > 1 be a power of an odd prime p. The non-trivial p-adic Jordan compo-
nents of exponent ¢ are ¢*" for n > 1. The indecomposable components are ¢**,
generated by an element v with ¢y = 0, q(7) = a/q mod 1 where a is an integer
with (2]7“) = 41. These components all have level q. The p-excess is given by
p-excess(¢™™) = n(q — 1) + 4k mod 8 where k = 1 if ¢ is not a square and the
exponent is —n, and k = 0 otherwise. We define 7,(¢*") = e(—p-excess(¢*")/8).

Let ¢ > 1 be a power of 2. The non-trivial even 2-adic Jordan components of
exponent g are ¢*2" = ¢5*" for n > 1. The indecomposable components are g7
generated by two elements v and § with ¢y = g6 = 0, (7,9) = 1/¢ mod 1 and
a(y) = q(6) = 0 mod 1 for ¢};*> and q(y) = q(d) = 1/q mod 1 for g;*>. These
components all have level . The oddity is given by oddity(¢5>") = 4k mod 8 with
k = 1if ¢ is not a square and the exponent is —2n, and k = 0 otherwise. We define
a(g") = e(oddity(q7")/8).

Let ¢ > 1 be a power of 2. The non-trivial odd 2-adic Jordan components of
exponent ¢ are ¢i" with n > 1 and ¢ € Z/8Z. If n =1, then £ = + implies t = +1
mod 8 and & = — implies t = £3 mod 8. If n = 2, then £ = + implies ¢t = 0 or 2
mod 8 and = = — implies £ = 4 or £2 mod 8. For any n we have { = n mod 2.
The indecomposable components are ¢i** where (%) = +1 (recall that (%) = +1
if £ = £1 mod 8 and (%) = —1if ¢ = £3 mod 8) generated by an element v with
gy = 0, q(y) = t/2¢ mod 1. These components all have level 2¢q. The oddity is
given by oddity(¢i") = t + 4k mod 8 with k& = 1 if ¢ is not a square and the
exponent is —n, and k = 0 otherwise. We define v,(¢i") = e(oddity(¢i™)/8).

The sum of two Jordan components with the same prime power ¢ is given by
multiplying the signs, adding the ranks and if any components have a subscript t,
adding the subscripts t. Isomorphic discriminant forms can have different 2-adic
symbols.

Let D be a discriminant form. Then
sign(D) + Zp—excess(D) = oddity(D) mod 8,
p=>3
respectively
[17(D) = e(sign(D)/8).
We will also use

e(oddity(D)/4) = (ﬁ) e(sign(D)/4) .
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Let ¢ be an integer. Then ¢ acts by multiplication on D and we have an exact
sequence 0 — D, — D — D¢ — 0 where D. is the kernel and D¢ the image of this
map. Note that D¢ is the orthogonal complement of D..

The set D = {y € D|cq(a) + (a,7) =0 for all « € D.} is a coset of D°. Let
2%||c. After a choice of Jordan decomposition we set z. = 0 if the Jordan block of
type 2% is even and x, = (2*71,... 2F71) in this block if it is odd. Then z. is a
canonical coset representative of D*. We can write v € D as 7 = z. + cu and
a.(7) = cq(p) + zopp mod 1 is well-defined (see [60]). If ¢ is even, then D,/ C D,
and for a € D,/ we have cq(a) = Omod 1, so that D C {y € D | (a,7) =
0 mod 1for all @ € D} = D2

For two discriminant forms D, D’ with quadratic forms q and ¢ such that
D = D' we define

Iso(D,D") :={c: D — D'| ¢ is a group isomorphism with
d'(o(7)) = q(y) mod 1 for all v € D}

and O(D) = Iso(D, D).

We describe the number of elements of a given norm in p-elementary discriminant

forms. To simplify the notation we define for x € Q/Z

1 ifz=0 mod 1,
0 ifx#0 mod 1.

é(z) =

For odd primes we have (see Proposition 3.2 in [59])

Proposition 1.1.1. Let p be an odd prime. Then the number N(p™,j) of elements

of norm j/p mod 1 in the discriminant form p™ is given by

1 n/2
Pt e (?> (pé(j/p) — 1)19("_2)/2 if n is even,

NG LNE,
e ( > (_) (l) p Y2 ifn s odd.
p p p

In the level 2 case we have (see Proposition 3.1 in [59])

N

N(p™,j) =

Proposition 1.1.2. The number of elements of norm j/2 mod 1 in 25" is given by
N©25g,j) =201 4 e(—1)7202/2,

Finally, for the level 4 case
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Proposition 1.1.3. The number of elements of norm j/4 mod 1 in 2{" is given by
( t
22 4 ¢ (—) 2(n=3)/2 if 7=0 mod 4,

t
22 _ ¢ (5 o(n=3)/2 if j =2 mod 4,
N(2",j) =

(=1)ED/290=9)/2 yr 5 — 1 mod 4,

if n is odd and by

)(_1)<tl>/22<n3>/2 if j=3 mod4,

(
2"2 1 e(t/4) T) 2(n=2)/2 if j=0 mod 4,
n—2 t=1\ 22 'y
2" —€6(t/4) —5— 2 if 7 =2 mod 4,
N(2§n7]) =
n—2 =1\ S22 o,
2"+ ed((t+2)/4) 5 2 if7=1 mod 4,
n—2 t=1N\ Sm—oy2
2" —ed((t+2)/4) 5 2 if j =3 mod 4,
\
if n is even.
Proof: As in the previous cases this can be proved by induction on n. U

1.2 The Weil representation of Mp,y(Z)

The metaplectic group Mp,(R) is the unique connected double cover of the group
SLy(R). Its elements can be written as pairs (M, ¢) where M = (¢ 4) € SLy(R) and
¢ is a holomorphic function on the upper half-plane H such that ¢(7)? = j(M, 1) ==
¢t + d. Then the product of two elements in Mp,(R) is given by

(My, 1(7))(Ma, ¢o(7)) = (M1 Ma, p1(Ma7)9a(T))

where M7t = % denotes the Mdbius transform on H. The inverse image of

SLy(Z) in Mp,y(R) is denoted by Mpy(Z). The standard generators of Mp,(Z) are
S=((9"),v7)and T = ((§1),1), where /- denotes the principal branch. Let
D be a discriminant form of level N and let C[D] be its group ring generated by a

formal basis (e7),ep. Then the Weil representation of Mp,(Z) is defined as (cf. [7])
pp(T)e’ = e(q(v)) e’

_ e(—sign(D)/8) 8
D S 6’7 = E e\— 9 €,
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miz - For discriminant forms of even signature the inverse image

where e(z) == e
of the group I'(N) = {M € SLy(Z) | M = I mod N} under the covering map
Mp,y(Z) — SLa(Z) acts trivially in the Weil representation. Again, let 1/ denote

the principal branch. Then

s:T1(4) = Mpy(Z), (Z 2) — ((Z Z) , (5) \/07'+d>

is a section of I';(4) under the covering map. For odd signature we must have 4 | N
and s defines the unique section of I'(N) such that s(I'(V)) acts trivially in the
Weil representation. We denote the corresponding group in both cases by Mpy(N).
The quotient Mp,(Z)/Mp,(N) is isomorphic to SLe(Z/NZ) for even signature and
to a double cover of SLy(Z/NZ) for odd signature.

We define a scalar product on the group ring C[D] which is linear in the first

and antilinear in the second variable by

1 ify=p

0 otherwise.

<€’yv 65) =

The Weil representation is unitary with respect to this scalar product.
A o € Iso(D,D’) induces a pullback o* : C[D'] — C[D] and a pushforward
o, : C[D] — C[D’] by

—1
e’ =€’ 7 and

o’ = ¢e%7

respectively. The pushforward defines a unitary representation of O(D) on C[D]
that commutes with the Weil representation.

The kernel of the covering map Mpy(Z) — SLo(Z) is given by {(/,£1)} and the
element (I, —1) acts in the Weil representation as multiplication by e(sign(D)/2).
Let us for now assume that the signature of the discriminant form is even. Then
{(I,£1)} acts trivially so that the Weil representation descends to a representation
of SLy(Z) and we identify S, respectively T" with their projection to SLy(Z).

The element Z = S? = —TI acts as

pp(Z)e” = e(sign(D)/4)e™

For a matrix M = (¢%) € SLy(Z) we have

oo (M) = DAL S 00 (8) (8 1)) elbda() e+ (121)

|D| ﬂeDc*
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with £(M) = e(sign(D)/4) [[&,- The local factors &, can be expressed in terms of
the Jordan components of D (see [60, Theorem 4.7], note however that in [60] the
dual Weil representation was used).

Let N be a positive integer such that the level of D divides N. If c =0 mod N,

the above formula simplifies to

pp(M)e” = xp(a) e(bdq(y)) e

where
a

xp(a) = (ﬁ) e((a — 1) oddity(D)/8)

is a quadratic Dirichlet character modulo N. In particular one sees that I'(N) acts
trivially.

The formula

> ela(y)) = e(sign(D)/8)V/1D]

yeD

is known as Milgram’s formula. For ¢ € Z with (¢, N) = 1 it follows that

> elca(y) = xp(o)e(sign(D)/8)y/|D].

yeD

A formula for general Gauss sums can be found in [60, Theorem 3.9].

1.3 Elliptic modular forms for the Weil representa-
tion
We now want to define modular forms for the Weil representation. Let
H:={r € C|Im(7r) > 0}

be the complex upper half-plane. Let k € %Z and f be a function from H to a
complex vector space. For (M, ¢) € Mp,(R) we define the Petersson-slash operator
|k by

FIl(M, §))(7) = ()" f(MT).

Definition 1.3.1. Let D be a discriminant form and let & € %Z. A function
f:H — C[D] is called a modular form of weight k with respect to pp and Mpy(Z)
if

(1) flel(M, )] = pp((M, ¢))f for all (M, ¢) € Mp,(Z),
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(ii) f is holomorphic on H
(iii) f is holomorphic at the cusp co.

Here condition (iii) means that f has a Fourier expansion of the form

flr)= Z Z c(y,n)e(nt)e’.
)

YED neZ+q(y
n>0

Moreover, if all ¢(+y, n) with n = 0 vanish, then f is called a cusp form. The C-vector
space of modular forms of weight k& with respect to pp and Mp,(Z) is denoted by
My (D), the subspace of cusp forms by Sy (D).

Note that there are non-zero modular forms of weight k for pp only if 2k =
sign(D) mod 2. If k is an integer and sign(D) is even, then the kernel of the covering
map Mp,(Z) — SLy(Z) acts trivially in both the Weil representation and the slash
operator, so that we can consider modular forms for the group SLy(Z).

For f,g € My(D), where at least one of f and ¢ is in Sg(D) we define the

Petersson inner product (-,-) by

(f.9) = /SLQ(Z)\HU( ) gl g

where 7 = z 4 iy. On Sg(D) the Petersson inner product defines a scalar product.

We furthermore denote by Mg (Mpy(N)) the space of scalar-valued modular
forms for the subgroup Mp,(N). Recall that Mp,(N) depends on D. Let f €
M (Mpy(N)) and v € C[D]. Then

1
Fro:= Fle(M, ¢)pp(M, ¢)~ v € My(D)
2 IMpy(N)\Mp, (Z)] (A%E
Mpz(N)\Mpz(Z)

is a modular form for the Weil representation. These modular forms span My(D),
when f ranges over My (Mp,(V)) and v ranges over C[D] (This is a classical idea,
cf. e.g. [64], in the case of the Weil representation of SLy(Z) see [61]).

It is often convenient to write f € Mg(D) in terms of its component functions
f=>cpfe’ Then f, = (f,e”) € My(Mpy(NN)). For a proof confer the proof of
Proposition Note that in general (Ff.v,e?) # f.

We can also define vector-valued Fisenstein series and Poincaré series. Let

k > 2 and let v € D be isotropic. Then the Eisenstein series

Fopa(m=y > @Kol

(M,$)el L \Mpy (Z)
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with T'T, = (T') converges normally on H and therefore defines a modular form of
weight k for pp. For any v € D let m € Z + q(y) with m > 0. Then also the

Poincaré series

Pepam(™i=g 3 elm)el(M,9))(r)

(M,¢)€I'% \Mpy (Z)

converges normally on H and defines a cusp form of weight k. In [I1] it was shown

that for any cusp form f € Sg(D) with Fourier coefficients ¢(y, m) one has

(k — 2)!

Pipom) =22 20
<f7 k,Dy, ) (47Tm)k_l

c(y,m).

1.4 The Weil representation of Mp,,(Z)

The Weil representation of SLy(Z) is a special case of a more general class of repre-
sentations for Sp,,(Z). For discriminant forms of odd signature, again, one needs to
consider the double cover Mp,,,(Z) of Sp,,,(Z). For simplicity, we will only consider
even signature.
Now we want to recall some facts about the symplectic group. A nice reference
is [30].
Letn€Z>0andletJ:Jn:(

0 I
I
rank n. The symplectic group Sp,, (Z) i

o ), where [ = [, is the identity matrix of
s defined as

™ .= Sp, (Z) = {M € GLy(Z) | MTJM = J}.
A matrix M = (4 8) with A, B,C, D € Mat,(Z) is in Sp,,(Z) if and only if
ATD-CcT'B=DT"A-BTCc =1, A'Cc=c%4, B'D=D'B
or equivalently
ADT — BCT = DAT —CBT =1, ABT =BAT, D' =DC?,

in particular Spy(Z) = SLy(Z). Furthermore, for M € Sp,,,(Z) also MT € Sp,, (Z)
and det(M) = 1. We have J=! = JT = —J and in general the inverse of a symplectic

matrix M = (4 B) (notation as above) is given by

DT BT
—1 _ 13T 7 _
M7 =J MJ-(_CT AT).
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We define maps

n:Sym, (Z) - T™  n(S) = (1 S)

0 I
U o
a:GL,(Z) - T™, q(U) =
(Z) (U) (0 (UT)—1>

A0 B O
w0 L 10 A B\Y_|0 100
C D C 0D O
0001
1 000
4:T0-D 1w g A B\)_|0A0B
C D 0010
0 C 0 D

Then n,a,u and d are group homomorphisms and u(M)d(M’) = d(M")u(M). The
symplectic group I'™ is generated by .J, and matrices of the form n(S) for S €

o ) (A B cpm
* 0 D

is generated by elements of the form n(S) and a(U). In the case n = 2 we will later

Sym,,(Z). The subgroup

need the matrix

() (e PR ()

P+l —1—-1 -1 —1-1

—1-1 1 0 0
—1 1 0 0
0 0 -1 -l

Note that the matrix S = (9 ') from the previous section is equal to —J; and
should not be confused with some S € Sym, (Z). To be consistent, we will from
now on always work with J instead of S. Furthermore, note that we use D both for
discriminant forms and for the lower right entry of a symplectic matrix. Since the
nature of these objects is entirely different, there should be no danger of confusing
them.

Let D be a discriminant form of even signature and level N and let C[D"] be

the group algebra of D" = D x ... x D spanned by a formal basis (el)l6 pn, Where
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¥ = (71,---,7)- Then the Weil representation pD : Spy,(Z) — C[D"] of Sp,,(Z)
can be defined by (cf. [69], [7] and [74])

P (n(S))er = e(1/2tr(S(7,7)))e?

e(nsign(D)/8) o(tr o8
\/W BEZDH (t (17§)) )

where (v, 3) = ((7i, 85))i;=1 € Mat,(Q/Z). This implies

Pg) (G(U))el = det(U)Sign(D)/QelUfl

and in particular pg)(—l)el = e(nsign(D)/4)e™2
We define a scalar product on the group algebra C[D"] which is linear in the

first and antilinear in the second variable by

1 ifzzﬁ

0 otherwise.

(e, eﬁ) —

Then the Weil representation is unitary with respect to this scalar product. There
is a natural isomorphism C[D"] = C[D]®" that we will make frequent use of. For
the following cf. [67, Lemma 3.4|.

Proposition 1.4.1. For a symplectic matriz M € TV the symplectic matrices

w(M) and d(M) transform in the Weil representation as

pg)(u(M))e(% ,,,,, Tn) _ pg_l)(M)e(ﬂﬂ ,,,,, 1) @ ¢
P (M)l =) = e @ plp ™ (M),

Proof. Tt suffices to prove the assertion for the generators n(S) and J,_; of "1,
For S € Sym,,_,(Z) we have

with Sl = (

oW
oo

) and Sy = ) and the identity is trivial. Furthermore, we find

(s (s
<< o )) i ((8 1n01>> Jun(1,)
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and compute

(B1s-58n) i=1
n 0 ign 4
A8 (5 _1>>>€<”S|gD|& P>
A
e (Z(ﬁuﬂz)) e ( a(vi + Bi > %75n)) ..... fin)
B p(Dn)<_I)e(n Sl|gDn|(T?)/4) Z (Z a(vi + Bi + pa) — (i ,uz))>
(B1;--Bn)ED™ i=1

e(a(vn) — alttn))e((Yn + fn, Ba))er ),

If 5; ranges over all elements in D, then so does ~; + 5; + ;. We can use Milgram’s

formula to evaluate the sum over (8, ...,83,-1) € D" ! and get

o, e((3n = Dsign(D)/8) NS
pp (—1) \/W|D| Z ( Z(%”ul)>

(1 yeeerpin ) ED™ i=1
e(a(ym) = a(n)) P> " e((yn + fns Bn))-
Bn€D

Now the last sum is a character sum which is equal to |D| if g, = —7, and 0
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otherwise. Thus, we have
e((3n — 1)sign(D)/8)

P& (—1)

. n—1
_ e((5n — 1) sign(D)/8) Z e ( (%M)) L ntin=1) g
v ’D‘nil (1 50espin—1)ED™ 1

= 1Y (Jmy e ) @ e,

where in the last step we used that sign(D) is even. A similar calculation shows the
assertion for d(J,_1). O

As for n =1, an element o € Iso(D, D’) induces a pullback o* : C[D"| — C[D"]
and a pushforward o, : C[D"] — C[D"™] by

*

-1
c'el=¢? T and

g*el = %2

respectively. The pushforward defines a unitary representation of O(D) on C[D"]
that commutes with the Weil representation.

We have seen that the Weil representation of Sp,,, (Z) generalizes the Weil rep-
resentation of SLy(Z). For notation such as H,, p(Dn) or '™ whenever n is omitted,

it is assumed to be equal to 1.

1.5 Siegel modular forms for the Weil representa-
tion

We will now define modular forms for the Weil representation of Sp,,, (Z) generalizing
the definition from [30] to the vector-valued case (cf. also [I1] and [74]). Let

H, = {Z € Sym,,(C) | Im(Z) € Pos,(R)}

be the Siegel half-space. Let &k € Z and f be a function from H to a complex
vector space. Let M = (A B) € GL,(R) be a symplectic similitude matrix, i.e.
MTJ,M = 1J, for some | € Ryy. We define the factor of automorphy j(M,Z) =

det(CZ + D) and define the Petersson-slash operator |, by

(fIx[M])(Z) = det(M)*? det(CZ + D) *f((AZ + B)(CZ + D)~1).
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The factor of automorphy satisfies the cocycle relation
J(My, MyZ)j(Ma, Z) = j(MyMa, Z)
for symplectic similitude matrices My, My € GLa,(R).

Definition 1.5.1. Let D be a discriminant form of even signature and level N and
let k € Z. A function f : H,, — C[D"] is called a modular form of weight k with
respect to pg”) and Sps,,(Z) if

(i) f1[M] = pi3 (M) for all M € Spy, (Z),
(ii) f is holomorphic on H,,
(iii) f is bounded on all domains of type Im(Z) > Yp, Yy > 0.

When n > 1 condition (iii) already follows from (i) and (ii) by the Koecher principle.

Condition (iii) is equivalent to the fact that f has a Fourier expansion of the form

2= > d%&e(%)e”-

YED™ §=8T even
S>0

Moreover, if ¢(y, ) # 0 implies S > 0, then f is called a cusp form. The C-vector

space of modular forms of weight k£ with respect to pg) and Sp,,(Z) is denoted by
M (D), the subspace of cusp forms by S (D).

The definition of the Petersson inner product naturally generalizes to

1o = [ @ e@) ) g

where Z = X +1iY.
We can also define Siegel Eisenstein series. In fact, for any v € C[D"] that is

invariant under the group 'Y and k € Z with k > n + 1 the series

E,(CTL[)M = Z det(CZ + D)o\ (M)~
(4 e

defines a modular form of weight & for pgb) (cf. [70, Theorem 1]). In particular let

us denote

E(2) = B')(2) = E)
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1.6 Theta series

We now want to define theta series weighted with harmonic polynomials. Again we
generalize the definition in [30] to the vector-valued case in the same way as was

done for n =1 for example in [7].

Definition 1.6.1. A harmonic form of degree h in the matrix variable X =

(@ij)i=1,..,m:j=1,..n 15 a complex polynomial P(X) with the properties
(i) P(XA) = (det A)"P(X) for A € C™*",

(i) AP = Z”(axj P =0.

Let L be a positive-definite even lattice of even rank m with dual lattice L' and
bilinear form (-,-). We can choose an embedding L C R™ such that (-,-) extends
to the standard scalar product on R™. Let P be a harmonic form of degree h > 0.
We define the theta series 9(;33 by

Z P 7mtr (AN Z €A+L
AE(L)"
where (A, A) = ((\i, Aj))7j=1 € Mat,(R) for A = (Ay,...,A,). When P is identically

1 it is usually dropped from the notation. The Poisson summation formula implies

Theorem 1.6.2. The theta series HL”P s a modular form of weight m/2 + h with

respect to p(L?)/L and Spy,(Z). If h > 0, then 6’ P s a cusp form.

Special cases of this theorem are very well-known. We will prove it using adelic
theta series in the next section.

The genus G of an even lattice L is the set of isometry classes of lattices equiv-
alent to L over Z, for all primes p and over R. It is uniquely determined by the
signature (t,,¢_) of L and its discriminant form L'/L (cf. [55]) and we denote this
genus by Il ; (L'/L). Therefore, the positive-definite even lattices L of rank m
with L'/L 2 D form a genus denoted by II,, o(D).

We define the genus theta series of the genus G = I, o(D) as

981). ( ) 1|O | IZ#A ( ) Z O_*(n)g(Ln)7

LeG o€lso(D,L'/L)

where

1
G) = I;G # Aut(L)
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is the mass of the genus G and the first sum ranges over the positive-definite even
lattices in G.

We describe the theta series for n = 1 in more detail. Let H”, denote the space of
harmonic polynomials in m variables homogeneous of degree h, i.e. harmonic forms

of degree h in (xy,...,x,)T. For a discriminant form D we define

O k(D) =span{c* M0\, | L € II,,0(D), P € Hi™2, o € Iso(D,L'/L)}
=span{oV0\"), | L € II,,0(D), P € H5™2 o € Iso(L'/L, D)}

and
Omi(D)o = O i(D) NS (D).

Note that for P € H"
Orpi=00p= > 0,pc
~eL'/L
and the component functions are given by 0, p(7) = >\ (1 P(N\)em AT,
We can generate the space of harmonic polynomials using the so called Gegen-

bauer polynomials G" (s,n), which are defined by

1 o . .
(1—2sX + nXQ)m/Q_l = hz_o G (s,n)- X"

(cf. [28] and [38]). Then we obtain
Proposition 1.6.3. The polynomial
Py (x,y) = Gy («"y, <] [ly[I*)

on R™ x R™ is harmonic of degree h in both x and y when the other variable is fived
and P"(Sx, Sy) = P (x,y) for all S € O(m).
Proof. We denote

flz) = !
= T 2aTyX 1 ey Ex2)

and compute

0? f() = 9 (—m/2 + 1)(—2y: X + 2z;]|y||>X?)
(O;)? Or; (1= 22TyX + [|lz|*[ly[>X>)m/
_ (m/2 = 1)m/2(=2y; X + 2a[|y|]>X?)?
(1 =227y X + [J||*[|y]]> X =)/
(m/2 — 1)2]ly|*X>
(1 =227y X + [|l=[]*[ly[]>X>)m/>
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Now
S (-2 X + 2 lyPX?)? = 3 (42X — Syl [2XP + 422y LX)
i=1 =1
= 4lly|PX*(1 — 22Ty X + ||z |ly[]>X?).
Hence
PN 17 N (U L1, &/

(1= 22Ty X + |lz|Plly|2X2)™2 (1 —22TyX + [|z]2[|y|[>X?2)m/

Furthermore, for a A € R we have
Pz, y) = Gr () y, [AzlPllyll) = G (AaTy, X[|]*[|y )

and

1
(1 —2XsX + A\ZnX2)m/2-1
B 1
© (1= 25(AX) +n(AX)2)m/2-1

=3 Gh(s.m) - (AX)!
h=0

= Z MG (s,m) - X"
h=0

so that P"(\z,y) = AN'P"(z,y). The fact that P!(Sz,Sy) = P!(x,y) for all
S € O(m) follows from definition. O

ZG As, \2n) - XM =
h=0

Now let Z = (% 2) € Hy and A = (A, u) € (L')?. We compute

mitr((AA)Z) mi((AN)21+2(A ) 22+ (1, ) 74)

(& =€

and therefore

10 vz
2 82’2

2
O rin(an2) |

0= 7Ti()\ M)em(@v)‘)zl‘f‘(%/ﬁ)m)
Zo= )

¢ = (70)2(\, A) (, ) e (ONz1H(in)za)

821624
It follows that

10 0?
{2 Y Y )@
Gm (2822’ 821624) HL (Z)’ZQZO

= (mi)h Z Z Pl (\, p)em OV emilnmz | o7 g ¢f

v,BeL' /L | Aey+L
neB+L

22=0



40 CHAPTER 1. THE WEIL REPRESENTATION

is in Opym/24n(D) @ Opmya4n(D). In light of this we define on the space of C*
functions on Hs the operator
8h : COO(HQ) — COO<H X H)

Coa (1o P
Also let

ﬁG,m/?—l—h = 8h9g) S @m,m/2+h(D) ® @m,m/2+h(D)-
Note that 0, is essentially the operator D;, defined by Eichler and Zagier in [28]. It

is a special case of the operators studied in [3§].

We define a scalar product h(-,-) on H" by

h(p,q) = [ Vp(z)" Vg(z)da.

B1
An element S € SO(m) naturally acts on H? by S.p = p(S”-) and it is well-known
that this representation is irreducible (see for example [39, (0.9) and (5.7)]). Note
that we have VS.p = S - (Vp)(S”-) so that for any p,q € H" we obtain

h(S.p, S.q) = Vp(STz)" Vq(STx)dx = / [(Vp)(ST2))TSTS (Vq)(STx)dx

B1 Bl
= / Vp(z)" Vq(z)dz = h(p, q),
STB,
where we substituted Sz for z in the last step and used the fact that STS = I.
This implies
Proposition 1.6.4. Let m be even and h > 0 and let (Py, ..., P,) be any orthonor-

mal basis of H" with respect to h(-,-). Then P! (x,y) is up to a non-zero constant

equal to )
Z Pi(x)Py(y).
Proof. We define a map ¢ : H”, JHlfn by
¢(p)(x) = h(p, Py (- T)).
We find that
(S.¢(p))(x) = h(p, Ph(-,5Tx)) = h(p, By (S-,T)) = h(S.p, Ph(-,T)) = ¢(S.p)(x)

and so by Schur’s lemma, ¢ must be a multiple of the identity. Since P” is non-zero,

this scalar is non-zero. Clearly the identity map is given by

p= Y h(p,P)P.
=1
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1.7 The adelic Weil representation and the Siegel—

Welil formula

We have now seen the Weil representation of Sp,, (Z). It is in fact a subrepresen-
tation of a representation of Sp,,,(A) introduced by Weil in [69]. Even though the
results in this work are concerned with the Weil representation of Mp,(Z), we want
to describe the adelic setting as well, in order to use its rich toolkit. In [70] the fa-
mous Siegel-Weil formula was proven, which essentially states that taking a certain
average of a theta series is equal to a value of the Eisenstein series. Translating this
back to the classical setting we can show that the genus theta series Gg ) defined in
the previous section is equal to the Eisenstein series E,g",)j

Consider Z" together with the alternating bilinear form given by (z,y) — 2 J,y
and let Sp,, be the corresponding symplectic Z-group scheme. We denote by P =

AN C G = Sp,,, the standard Siegel parabolic subgroup, so that we have

A(R) = {a(u) - (g (uf)1> |ue GLn(R)},

N(R) = {n(s) _ (% Is) s € Symn(R)}

for any ring R D 7Z. Let V be a quadratic space over Q of even dimension m
with non-degenerate symmetric bilinear form (-,-) and V(R) = V ®q R for any
ring R O Q. Let O(V) be the corresponding orthogonal group scheme. Then
(G,H) = (Spy,, O(V)) is a reductive dual pair.

Let Z = X +1Y € H,, and U € Pos,(R) with UUT =Y. Because of n(X)a(U) -
il, = X + 1Y, the subgroup P(R) C G(R) already acts transitively on H,, and we
denote gz = n(X)a(U). Thus, we can identify the upper half-space with G(R)/K .,
where K, C G(R) is the stabilizer of i/,, and given by

Ky = {(—uv Z) |u+iv€U(n)}.

Note that u + iv € U(n) if and only if u"u + vTv = I, and u’v = vTu. Now let

fe Mlgn)(D) for some discriminant form D of even signature. If we set

o(9) = flelgl(il,), g€ G(R),

then for M € Sp,,(Z) we have

o1 (Mg) = py (M) (9).
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For a prime p let Q, denote the completion of Q at p and Z, the ring of integers
of Q,. Let Z = [I,<oc Zp and let A = Ay x R be the ring of adeles of Q. The idea

) with a representation of G(Ay), so that f corresponds to a

is now to identify p%l
function on G(A) invariant under G(Q).

Let .(V(A)™) be the space of Schwartz functions on V(A)". For an additive
character ¢ : A — C* we will define a representation w = wy,, of G(A) x H(A) on
this space that we will call the adelic Weil representation. 1t generalizes the repre-
sentations described in Section [1.4] Let disc(V) € Q*/(Q*)? be the discriminant
of V defined to be

disc(V) = (=1)™/2 det((xs, x;))"

i,j=1

for any Q-basis {z1,...,2,} of V and let xy : A*/Q* — C* be the quadratic
character that corresponds to the quadratic extension Q(+/disc(V))/Q, i.e. xv(z) =
(z,disc(V)), where (-,-) is the Hilbert symbol. We denote by | -| : A* — Ry
the normalized absolute value and define (z,y) = ((7:,9;))7,=1 € Mat,(A) for
z=(21,...,2,) € V(A)" and y = (y1,...,%,) € V(A)". Finally, denote by ¢ the
Fourier transform of ¢ using the self-dual Haar measure on V(A)™ with respect to

Y, i.e.
p(x) = r(z,y))dy.
o(x) /(A)n p(y)(tr(z,y))dy

Let us now fix the standard additive character 1) : A — C* whose archimedean
component is given by 1y : R — C*, x, + e(2s) and the finite components
by ¢, + Q, — C*, z, — e(—x,), where x;, € Q/Z is the principal part of x,.
The Weil representation w = wy,, is the representation of G(A) x H(A) on the
space of Schwartz functions . (V' (A)™) that is uniquely determined by the following

equations: Let ¢ € #(V(A)") and z € V(A)™, then

w(a(u))e(z) = xv(det(u))| det(u)|™?p(z - u),  a(u) € A(A),
w(n(s))p(z) = ¥(5 tr(s(z, z)))e (@), n(s) € N(A),
w(Jn)p(z) = ¢(z),
w(h)p(z) = p(h™" - z), he H(A).

Note that for the local components w, we define w,(J,)pp(x) = 7, ¥,(z), where ,

is a specific eighth root of unity and

’VOOH’Yp:L

p<oo
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If (t4,t_) is the signature of the quadratic space V, then 7o = e((ty —t_)/8). If
L is an even lattice in V', then pp//p or rather its dual p;,,, can be viewed as a
subrepresentation of wy,. More precisely, let L be a positive-definite even lattice
of even rank m and set V := L ® Q. In this case vy, = 7,(L'/L)~! for all primes p.
Consider the subspace .77, of Schwartz functions in . (V (Af)™) which are supported

on (L')" ® Z and which are constant on cosets of L™ ® Z. There is an isomorphism
L Cl(L'/L)"] — S

given by mapping a basis element e~ of C[(L'/L)"] to ¢, = @, ¥p, Where ¢, €
S (V(Qyp)") is the characteristic function of p + (L ® Z,)". We obtain (cf. [74]
section 2.1.3|)

Proposition 1.7.1. For any M € T'™ we have
wr(M)or=1 oﬁ(LT/L}L(M).

Proof. We need to show that

for all symmetric S. But the first identity is clear from the choice of 1. For the

second we compute

(rIe)ap) = e(-nsign(@/L)/9) [ wlertapy )iy,

ut+(LQZ)™

= e(—nsign(L'/L)/8) /

(LRZ)"

= e(—nsign(L'/L)/8)iy(tr(xy, 1)) /

 Yy(tr(zy, y,))dy,
(L®Z)"™

Clearly if z; € (L' ® Z)" then
/ ) @Z)f(tr(gf,gf))dgf :/ ) dgf :VOI((L@)Z)”).
(L@Z)n (L@Z)n
Ifo, ¢ (L'® 7)™, then there exists some A € (L ® Z)" such that Yr(tr(zy, A) # 1.
But then

by (tr(zy ) /

(LRZ)™

slentepou,)dy, = |

(LRZ)™

bp(tr(zy, A+y,))dy,
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And so
(1= wylente,. ) [

(LeZ)™

which implies

/ ) wf(tr(gf,gf))dgf:&
(LRZ)™

A

Using the fact that ¢ (tr(z;, p)) is constant on cosets of (L ® Z)"™ we obtain

(wr(Ju)u(e))(zg) = e(—nsign(L'/L)B)vol(L®Z)") Y ws(tr(B, pw))u(e?) (zy)

Be(L'/L)"

~

with oy (tr(8, 1)) = e(—(B,p)). So it remains to compute vol((L @ Z)"). Let
¢ = 1(€2). Then we have

¢ = vol((L ® Z)") Z L(e2)

and

p=vol((LOZ)")® Y e(—(uB))le)

Buew/Lr
— vol((L @ Z)")?|L' /L|"1(e%)
= vol((L @ Z)"*|L'/L|"p.

But by our choice of normalization aﬁ(zf) = p(—x2;) = p(z;) and so

1

vol((L ® Z)") = NI

which proves the proposition. O

We want to define theta series and Eisenstein series in the adelic setting. These
will be generalizations of the corresponding classical objects. We assume from now
on that V' is positive definite and so (t4,t_) = (m,0).

Definition 1.7.2. For ¢ € . (V(A)") define the theta series

0(g, h; p) Zw (h'x) g€ G(A), he H(A).

eV

Then 60(g, h; ¢) is automorphic on both G and H (i.e. invariant under G(Q) X
H(Q)) by Poisson summation.



1.7. ADELIC WEIL REPRESENTATION 45
Definition 1.7.3. For ¢ € #(V(A)") define the Siegel Eisenstein series

E(g,si9) = Y, P.(19,5), g€G(A), seC,
1eP(O\G(Q)

where
S VA" = Indiy vl ), o @u(g,5) = (w(g)@)(0) - | detu(g)|"~

is the standard Siegel-Weil section and

m—(n—l—l).

So = 5

Here we write g = na(u)k under the Iwasawa decomposition G(A) = N(A)A(A)K
for K the standard maximal open compact subgroup of G(A), and the quantity
| det u(g)| == | det u| is well-defined.

The Eisenstein series converges absolutely for Re(s) > ”T“ and thus defines an
automorphic form for G(Q).

In order to retrieve the classical theta series and Eisenstein series of Sections [L.5]
and from the adelic versions, we will need to choose a specific ¢. Of particular

importance will be the standard Gaussian e~ ™"@2)  We have

Lemma 1.7.4. Let P be a harmonic form of degree h and let p(z) = P(z)e ™ "@2),
Furthermore, let g € G(R) with g -il,, = Z. Then

(Woo (g)gp) (ﬁ) = j(g, Un)fm/Q*hP(g)em' tr(@,@z).

Proof. First note that the claim is true for g = I. We show that for g € G(R) with
g-il, = Z and ¢ equal to a(U), n(S) or J we have

weo(g)j (g, iL,) "™ > P(z)em (@2)2)
= (g, 2R (g, i) TP P(g)em e A (1)

Then the claim follows from the cocylce relation j(¢', Z)j(g,il,) = j(¢'g,il,) and
the fact that G(R) is generated by elements of the form a(U), n(S) and J.
We have

Woo (a(U)) P ()™ (@02 — 3 (det(U))| det(U)|7/2 P (U )em tr(2Uat)2)
= det(U)m/HhP(&)eﬂ“r((@@)UZUT)7
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where we have used that yy (z) = sgn(z)™/? for € R and that tr is invariant under

cyclic permutations. Furthermore,

(50 2)Pla)r 20
()W@tr (z,2)+(z,2)Z)
Je

P

Woo(n(S)) P(z)e™ DY) =

i tr(( Z+S))

I%z

Finally, for ¢' = J we show (1.7.1)) for Z = iY". Since both sides of the equation are
analytic in Z, by the identity theorem the general case follows. We have
woo(J)P(g)emtr((L@Z)

= e(nm/8) / P(y)ewitr((gvg)z)e%ﬁ tr((g,g))dy
V(R)n

= e(nm/8)e™ D7) / P(y)eminrez ez 2,
(R)™

— e(nm/g)eﬂitr((az,m)z—l)/ P(g)efﬂ’tr((gfigY_l,gfigY_l)Y)dg
V(R)™

Let us for now assume that z is purely imaginary. Then the second integral equals

/ P(y +izY Ve —mr((yp)Y) gy
VR

by a change of variables. Since Y € Pos,(R), there exists a U € Pos,(R) with
U? =Y. Substituting y by yU™" we get

/ PyU=t 4 izY 1 e ™ (@y) det(U)~™dy
Ve -

= det(U) ™" /V " Py +izU ™ ")e ™ ww)qy

= det(U)™™ "P(izU™)
= det(Y)"™* P (g),
where we have used that harmonic forms are invariant under Gaussian transforma-

tion (see [47]). Again, by the identity theorem the equality follows for all z € V(C)",
in particular, for z € V(R)". We obtain

(JJOO(J)P(g)eﬂ—Ztr((£7£)ZY) = e(nm/S)eﬂ—itr(_(ﬁvl)(iy)il) det(Y)_m/Q_hZhP(g)
= det(—iY)™/2 P (g)em - @a) @)
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With the previous lemma we can see the relation between the theta series defined

in this section and the classical theta series defined earlier.

Proposition 1.7.5. Let L be a positive-definite even lattice of even rank m, let

Cl(L'/L)"] — S be as above and let P be a harmonic form of degree h and
Yoo(x) = P(x)e™ ™" @D We set ¢ = 1(v) ® Yoo for some v € C[(L'/L)"]. For any
g € G(R) with g -il,, = Z we have

5(g,iL)™* (g, 1 0) = (6Y'1(Z), 7).

Proof. Since both the left and right hand side are linear in v, it suffices to prove the
identity for v = e for some p € (L'/L)". So let ¢, be the characteristic function of
p+ (L®Zy)". Since g € G(R), it acts trivially in wy and so by the previous lemma
and the fact that () __ (L ®Z,NV) = L we have

p<oo

J(g,10)"*0(g, 15 0) = j(g,iL)™ P Y w

zxeVn

_ Z p@)emtr((z,@Z)

zep+L™

= (0" p(2), eb).

Now we can show that the theta series defined in the previous section are modular

forms for the Weil representation.

Proof of Theorem[1.6.3. Let pu.(z) = P(x)e™™"@2) for some harmonic form P of
degree h and let M € T™ and g € G(R) such that g -il, = Z. Let us denote by
M, the element in G(A) that is equal to the identity in all finite places and equal
to M in G(R) and My = M_'M. We set k =m/2 + h. Then

OV ple[M)(Z) = §(M, 2)*j(MgiL)* Y 0(Mug, 15000 ® t(eh))ek

pe(L’/L)n

Jlg i) Y MM g 100 @ 1(eh))et

pe(L’/L)n

9721 Z 9 f ga 7()000 ( ))

pe(L’/L)™
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since ¥(-, 1; ¢) is invariant under G(Q). We get

JgiL) DT DT WM g) (e ® 1(et))(z)et

pe(L/ /L™ zEV

= j(g,i)" Z D (@oel(9)pm0 ® wp(M~1)u(e)) ()t

€(L//L)n zeV™

J(g.il,)* Z > (Wool9)pse @ (BY)) L (M)el)) (z) et

pe(L! /L) eV

= Y (O0R(2), P (M )etyet,
pe(L’/L)"

where we used Propositions [1.7.1] and [1.7.5] Now it follows

ST OR(2). 00 (M et et = ST (ol (MO (Z), et

pe(L/ /Ly pe(L /Ly
= P (MO (Z).

]

Similar to the theta series we also see how the Eisenstein series in the adelic

setting relate to the classical Eisenstein series.

Proposition 1.7.6. Let L be a positive-definite even lattice of even rank m, let ¢ :
Cl(L'/L)"] — .1, be as above and let oo (x) = e %@L be the standard Gaussian.
We set ¢ = 1(v) ® po for some v € C[(L'/L)"]. For any g € G(R) with g-il,, = Z

we have

j(gviln>m/2E(ga 30590) <E£:/)2 L//L(Z) 5>-

Proof. Once again we need only prove the identity for v = e~ for some p € D". It
is not difficult to prove that P(Q)\G(Q) = F@\F(”). We write

q)ga(g7s> = (I)f(ga 8) ® (I)OO(Q,S)
with

r(g,8) = Q) Plg:s).

p prime

By Lemma for M € I'™ we have

D (Mg, so) = j(Mg,il,)"™?* = j(M, Z)"™?j(g,il,)™>.
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Note that for v € C[D"], B € D" and z € 8+ L" we have (v)(z) = (v,€e2).
Furthermore, w(g) acts trivially on ¢(e#) since g € G(R) and therefore
390" B(g 500 @ u(e) = Y J(M, Z) " Py (M)u(e)(0)
Mer{\rn)
= Y QM 2B (M)ek, )
Mer{\rm
= D L2 (M el et
MeTS\r ()

= (Bl )

m/2,L' /L €~
where we used proposition O

The average of the theta series over the orthogonal group is equal to the Eisen-

stein series at sg.

Theorem 1.7.7 (Siegel-Weil formula (cf. [70] and [44])). Let V' be a positive-definite
quadratic space of even rank m over Q and let ¢ € L (V(A)") with m > 2n + 2.
Then E(g, s;¢) is holomorphic at sy and

/ 0(g, h; p)dh = E(g, so; ¢).
H(Q)\H(A)

Here the Haar measure dh is normalized so that vol(H(Q)\H(A)) = 1.

Now we can use Theorem to prove that the genus theta series defined in

section [1.6] is equal to the Eisenstein series defined in section [I.5

Theorem 1.7.8. Let L be a positive-definite even lattice of even rank m. Let G be
the genus of L. Then

(n) _ pp(n)
0" = Em/2,L’/L'

form > 2n+ 2.

Proof. We generalize the proof in [46]. Let V = L ®,Q, D = L'/L and pu =
(1, ... ptn) € D" Let g € G(R) with g -il, = Z and @u(z) = e ™"@2) he
the standard Gaussian function and set ¢ = @ ® t(et). We show that for this
choice of ¢ the left hand side of Theorem m is equal to j(g, i]n)*mﬂ(@gl), et). By

Proposition [1.7.6} the right hand side is equal to j(g, Un)*m/?(Er(g/)2 /L e), which

proves the theorem.
Let S C H(A) be the stabilizer of L. Then we have a bijection

HQ\H(A)/S S G, he=h(LRZ)NV.
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Let {h;} be a complete set of representatives of H(Q)\H(A)/S and let {L;} be the

corresponding representatives of G under this bijection. Then

/ 0(g, h; p)dh = Z/ 0(g, h; p)dh.
HQ)\H(A) 7 JH@\H@h;s

Substituting h for hh; and applying H(Q) N hjShj_ = Aut(L;), we obtain

/ 0 (g, h; ) dh =/ 0 (g, hhj; o) dh
HQ\H(Q)h, S H(Q\H(Q)h;ShT !
v,
S 0 (g, hh;: o) dh.
#AUt( i) I, Sh! ( i)

Substituting h for hjhhj_l, the third integral becomes

/9(9,h h; o) dh = / D (Wool9)$oo @ 1(e) (b~ hy ) dh

xEV”

:% Y welgen))

o€lso(D,L/L;) z€op+L7}

where in the last equation we used that the canonical homomorphism S — O(D) is

surjective (see [55, Corollary 1.9.6.]). Combining these computations we find
j(g,ifn)m/z-/ 0(g, h; p)dh
H(Q\H(A)

VOIS 7r7,tr (z,z)
\Z#Aut L;) Z Z

O(D
o€lso(D,L}/L;) z€op+L}

(5)
(D)
VOI(S) n) o
- D)|Z#Aut) >0
)
(D)

o€lso(D,LY/Lj)

\Z#Aut L 2 (001 ).

o€lso(D,L%/L;)

Vol(S
O(D

Finally, note that
vol(S) - p(G) = vol(5) - 3 #A; — vol(H(Q)\H(A)) = 1

by our choice of normalization. ]



Chapter 2
Isotropic lifts

In this chapter we describe the isotropic lifts and prove a theorem that gives a precise
statement about when modular forms for the Weil representation are induced from
modular forms for smaller discriminant forms.

This chapter is based on the paper [52].

2.1 Isotropic subgroups and isotropic lifts

Let H be an isotropic subgroup of D. Then H*/H is a discriminant form of the
same signature as D and order |H+/H| = |D|/|H|?. There is an isotropic lift

tw=t5: CI(H/H)"] = C[D"

defined by
T (1) = Y et

HeH™

for v € (H+)™ and an isotropic descent
L=l C[D"] = C[(H~/H)"]

defined by

Y if v e (HH)™,
0 otherwise

(cf. for example [I1], [60] or [61]). The following results are easy to prove (see [53]).

Proposition 2.1.1. Let D be a discriminant form of even signature and H an

isotropic subgroup of D. Then the maps 15 and |2 are adjoint with respect to the

o1
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inner products on C[(HY/H)"] and C[D"] and commute with the Weil represen-

(n)
HL/H

This implies that 15 and |5 as maps of modular forms are adjoint with respect to

tations p and ,053"). In particular they map modular forms to modular forms.

the Petersson scalar product.
The isotropic lift is transitive in the following sense.

Proposition 2.1.2. Let D be a discriminant form of even signature and H C K
isotropic subgroups of D. Then H C K C K+ C H* and K/H is an isotropic
subgroup of H+/H with orthogonal complement K+/H. There is a natural isomor-
phism (K+/H)/(K/H) = K+ /K. Identifying the two groups we get

H‘L H
1

For an isotropic subgroup H C D’ and o € Iso(D, D’) we easily check that
(y+0"1H) = o+ H defines an element & € Iso((c 'H)* /(07 H), H/H). This
implies that the diagram

C[D] “___ C[D]

‘l/o'_ 1 Hl ‘LLH

Cl(o H)* /(o7 H)] —Z— C[H*/H]

commutes.

Let H be the set of all non-trivial isotropic subgroups H of D. To simplify the

notation we introduce the following subspaces of C[D]:

im(1) = Z im(Ty) and

HeH

ker(}) = ﬂ ker({p).

HeH

Because Ty and |y are adjoint we find that

im(1)* = ker(}) and

2.1.1
im(1) = ker(J)" i

with respect to the inner product on C[D].
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2.2 Reduction to lifting pointwise

In this section we show that a modular form f is a linear combination of isotropically
lifted modular forms if and only if for every 7 on the upper half-plane f(7) is a linear
combination of lifts. In Theorem we will argue further that for a discriminant
form D all modular forms are linear combinations of isotropically lifted modular

forms if and only if all of C[D] is in the image of the lifts.

Proposition 2.2.1. Let f € My(D) and let V = span, yx(f(7)) C C[D] and (v;)icr
an orthonormal basis of V' with respect to (-,-). Then there exist (f;)icr with f; €

Mg (Mpy(N)) such that
f= Z fivi.

In fact fi(T) = (f(7),vi).

Proof. Since for all 7 € H the point f(7) is in V' and (v;);es is a orthonormal basis

of V, the equality

Z(f(T)a vi)vg = f(7)

icl
holds pointwise for all 7 € H. Hence, we only need to show that f; := (f,v;) €
My (Mpy(N)): For any (M, ¢) € Mp,(Z) we have

il (M, @)] = (f1x[(M, ¢)], vi)
= (pp(M,9) [, vi) (2.2.1)
= (f,pp(M, ¢)"'vi),
so if (M,$) € Mpy(N), then pp(M,p)~" acts trivially on v; and f; is invariant

under Mp,(N). The holomorphicity of f on H and at oo together with ({2.2.1])
implies holomorphicity of f; on H and at the cusps. O

Now we can show that we can restrict to pointwise lifting.

Proposition 2.2.2. Let D be a discriminant form and let f € My (D). Then f is a
linear combination of isotropically lifted modular forms if and only if f(7) € im(7)
for all T € H.

Proof. If f is a linear combination of isotropically lifted modular forms, then it is
clear that f(7) € im(1). So let us assume that f(7) € im(1) holds for all 7 € H.
By Proposition we can write

[= Zfﬂ)i, (22.2)

icl
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where f; € Mg(Mpy(N)) and (v;)ier is a basis of V' = span_.y(f(7)). But by

assumption V' C im(7). So we can write

vi= > Tu (vin) (2.2.3)

HeH

for suitable v; iy € C[H*/H]. Since f is a modular form for pp, we have

1
- IR
= W@, ORI

For better readability we denote A := |Mp,(N)\Mp,(Z)|. Applying (2.2.2) and
(12.2.3), we get

F=AT3 0 fil(M, ¢)pp(M, ¢) o,

(M) i€l
=AY HRIM )] D po(M, 6) ™ T (vi)
(M) i€l HeM
=t [ AT DD (M )y (M, ) vim |
HeH (M) iel
where
AT Al (ML 0)pr (M, 0) M oi = ) Friw
(M,p) i€l icl
is a modular form for py1/p. O

We remark that [71, Theorem 115| is equivalent to Proposition however
our argument is shorter.

Clearly, if im(1) = C[D], then all f € Mg (D) are linear combinations of isotropic
lifts. We want to argue that the other direction holds as well.

Proposition 2.2.3. Let D be a discriminant form. Then
span{f(7) | f € Mx(D), 7 € H, k € 1Z} = C[D].

Proof. Define V' := span{f(r) | f € Mp(D), 7 € H, k € %Z} and suppose that
V C C[D]. Then W := V+* is non-trivial. Since V is invariant under pp and the
WEeil representation is a unitary action for the scalar product, also W is invariant
under pp. Therefore, (W, pp) is a representation of Mp,(Z) with W # {0}. For k
large enough there exists a non-zero modular form f for (W, pp) (This was shown
in [42], section 3| for the integral weight case, the general case is treated in [16]
Proposition 3.3]). But then also f € Mg(D) and f(7) € W for all 7 € H, which
contradicts the definition of W. O
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We get

Theorem 2.2.4. Let D be a discriminant form. Then all modular forms for the

Weil representation are linear combinations of isotropically lifted modular forms if
and only if im(T) = C[D].

Proof. By Proposition 2.2.2 im(1) = C[D] implies that all modular forms for the
WEeil representation are linear combinations of isotropically lifted modular forms. If
im(1) € C[D], then by Proposition there exists some non-trivial modular form
on im(1)*. By Propositionthis can not be a linear combination of isotropically

lifted modular forms. O]

We remark that the line of reasoning in this section can also be applied to other
finite groups and representations (Recall that the Weil representation of SLy(Z)
descends to a representation of the finite group Mpy(N)\Mpy(Z)).

2.3 The image of the lifts

In this section we want to investigate when im(1) contains all of C[D]. We will
show under what conditions we can write ¢ as a linear combination of lifts for
any v € D. Since D and also any isotropic subgroup of D decomposes into its
p-subgroups we can restrict ourselves to the case where the level of D is a power of
a prime p. Therefore, in this section p is some fixed prime and D will always be a
discriminant form of level a power of p.

The following lemma combines Lemmas 120 and 121 in [71].

Lemma 2.3.1. Let v € D. Suppose that v contains an isotropic subgroup H
isomorphic to (Z/pZ)*. Then € € im(?).

Proof. The group H has p? — 1 elements of order p and therefore has p + 1 =
(p* — 1)/(p — 1) subgroups of order p. We denote them by Hy, Hi, ..., H,. The
inclusions H; C H C (y)* imply (y) € H* C H;-. Define

p

v = zp: ng (e = Z Z VT = pet + Z et
j=1

7=1 MGHJ' MEH\HQ
and
_ 4D +u+Ho ) _ +utB _ +
w_TH()( Z PRl 0)_ Z Zevuﬂ_ Zevu
neH\{0} peH1\{0} B€Ho wEH\Ho

Then €7 = (v — w)/p. O



o6 CHAPTER 2. ISOTROPIC LIFTS

A simple condition on D that ensures that the condition of Lemma [2.3.1] is

satisfied for all v € D is given in

Lemma 2.3.2. If there exists an isotropic subgroup H C D isomorphic to (Z/pZ)?
then for all v € D the group v*= contains an isotropic subgroup H C D isomorphic
to (Z/pZ)*.

Proof. Let v € D and H C D be an isotropic subgroup isomorphic to (Z/pZ)3. If
v € H*, take any subgroup of H isomorphic to (Z/pZ)?. If v € H*, we can choose
generators «, (3, p of H such that (v, 1) # 0 mod 1. Since «, § and p are of order p
it follows that («, ), (8,7) and (p,~y) take values in I%Z. This implies that we can
choose z,y € Z such that

(a+zp,y) = (a,7) + x(p,7) =0 mod 1 and
(B+ymv) = (B,7) +y(p,y) =0 mod L.

Then (o + xu, 5 + yu) is the desired group. ]

Corollary 2.3.3. If there exists an isotropic subgroup H C D that is isomorphic
to (Z/pZ)?, then im(1) = C[D].

We will also need to understand when e” ¢ im(1). Recall that H denotes the
set of non-trivial isotropic subgroups. We define H' = {H € H | |H| = p} and

im(1) == > im(ty)

HeH'

ker(|') := (] ker(lu).

HeH'

Similar to equation (2.1.1)) also im(1’) = ker({’)*. For the construction of €7 as a
linear combination of isotropic lifts in the proof of Lemma [2.3.1] only subgroups of

order p are used. It turns out that this always suffices:
Lemma 2.3.4. One has im(1’) = im(T) and ker(]") = ker({).

Proof. First we show that ker(]') = ker({}). The direction ker({]’) D ker({) is clear,
so let v € ker(]') and let H be any non-trivial isotropic subgroup. Then H contains
an isotropic subgroup of order p say H' and H/H' is an isotropic subgroup in
H't/H'. Therefore

B (o) =4 (1, (o) = (0) = 0

and v € ker(}). Because im(1) = ker({)* = ker({’)* = im(1’), we automatically get
the other equality. O]
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We will later see that in some cases the condition in Lemma is necessary

for €7 to be in im(7). For this we will need

Lemma 2.3.5. Let v € D. Assume that = contains no isotropic subgroup H C D
isomorphic to (Z/pZ)*. Then for

Uz:e"/_p%l Z Z eV

H'eH' peH\{0}
H'c~t

we have |y (v) = 0 for all non-trivial isotropic subgroups H C v+ and (v,e”) = 1.

Proof. The assertion (v,e”) =1 is clear from the construction. Let H be any non-
trivial isotropic subgroup with H C . Because of the assumption, H contains
exactly one subgroup of order p say H’. The subgroup H’ appears in the sum
defining v. For any K € H' with K C 4+ and u € K \ {0} we get the following

equivalence:
y+peHtepeH o pecH « K=H

because otherwise (u, H') would contradict the assumption of the lemma. So

o 1 Y
LH(U)ZiH(e)—pTl > (@)

pEH\{0}
1
:eerH_p_1 Z eV HH
peH\{0}
= 0.

The case where p is an odd prime

In this subsection we assume that p is odd.

First we want to give a necessary condition for e? € im(1):

Lemma 2.3.6. Let v € D. If ¢’ € im(1) then v+ contains at least two isotropic

subgroups of order p.

Proof. We show the contraposition: Assume that (u) C 4t is the only isotropic
subgroup of order p in 4. Let ord(y) = n and q(v) = j/n.
If v = 0, it is clear because then v = D, so assume n > 1. First assume that

n = pand j = Omod p. Then (y) = (=) = (u) and so Ly (¥ —e™?) = 0.
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Since for all other subgroups H of order p we have v, —y € H*, by definition also

Iy (e —e™)=0. Soe” —e 7 € ker(]). Since (¢” —e ", e7) =1,
& ¢ ker(1)* = im(1).

Now we assume that n > p or (j,p) = 1. We first want to show that (y + p)*

contains only one isotropic subgroup of order p as well, which then must also be

(1):

If 7 =0 mod p and n > p we have
2/.2 nj
a(n/p-v)=n"/p ']/n=p—2=0 mod 1 and
(n/p-v,7) =2n/p-a(y) =2n/p-j/n=0 mod 1.

Hence, () = (n/p-~v) and so v+ u = (1 + kn/p) - v for some k =1,...,p— 1 and
(L+En/p)-7)" ="

If (4,p) =1, we can write
D=(y)& )"

Note that ord(y + p) = n and q(y + p) = q(7), so we can also write
D= (y+p & (y+u

Since () = (y + p), also (y)* = (y + p)*.
Now v from Lemma [2.3.5|is simply
p—1
v=¢e¥ — L eV ki
r—1i3

and (u) is the only isotropic subgroup of order p orthogonal to any component of

v. So l¢y (v) = 0 implies v € ker(]). Since (v,e?) = 1,

e ¢ ker(J)" = im(1).

Now we can give a condition that is equivalent to €? € im(1) in many cases:

Proposition 2.3.7. Let v € D be of order n with q(vy) = j/n. Assume that if
n > p, then j = 0mod p. Then ¥ € im(1) if and only if v+ contains an isotropic
subgroup H C D isomorphic to (Z/pZ)*.
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Proof. If 4+ contains an isotropic subgroup H C D isomorphic to (Z/pZ)? we
can apply Lemma [2.3.1, So assume on the other hand that ~* contains no isotropic
subgroup H C D isomorphic to (Z/pZ)?. We construct a v € ker(]) with (v, ) = 1.
Then

e’ & ker({)* = im(1).
If v = 0, then v+ = D and Lemma yields v. So assume that n > 1. First
consider the case j = 0 mod p: as in the previous lemma n/p - 7y is isotropic and
orthogonal to v. And for any isotropic subgroup H with v € H, alson/p-v € H*.
Hence, (n/p-~) must be the only isotropic subgroup of order p in 4+, because if v+
contained any other isotropic subgroup of order p, say H, then (H,n/p -~) would
contradict the assumption on . But then by Lemma e’ ¢ im(1).
Now assume (j,p) = 1 and so n = p by the assumption of the proposition. Since
(7,8) = 0 is equivalent to (—v,3) = 0, also —~ satisfies our assumption. Let v;
and vy be the elements from Lemma for v and —~ respectively. We define
V= V1 — VUsg.
For any non-trivial isotropic subgroup H C v+ we have
Vi (0) =bar (1) = Lot (v2) =0 — 0 =0,
Now we want to show that also |y (v) = 0 when H ¢ y-. By Lemma it
suffices to consider isotropic subgroups of order p. So let i be any isotropic element
of order p with (v,u) # 0 mod 1. We show that whenever (v + pq, ) = 0 mod 1
for some isotropic 1 € ¥+ with ord(u1) = p, then there exists exactly one isotropic
o € v+ with ord(us) = p such that
Y4 = —vy+ pe mod (u), ie.
YA L=yt
for some [ = 0,...,p—1. We can reverse the roles of v and —v. This shows that the
terms in J(,) (v1) and J(,) (v2) cancel each other. So assume that (v, 1) # 0 mod 1,
but (v + g1, ) = 0 mod 1. We need to find a suitable [ such that
po =27+ +1-p

is isotropic, orthogonal to v and of order p. We have

A(pe) = a2y +pa + 1+ p)
=4q(7y) + 20(y, p) + (1, p)
=4q(y) + Uy + pa, ) + 1y, 1)
=4j/p +1(v, p).
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Since (v, ) # 0 mod 1, there exists exactly one [ mod p such that us is isotropic.
With said [ we have

=4q(y) + (7, 1) + Uy, 1)
=45/p+1(y,u) =0 mod 1.

Clearly p - us = 0. Furthermore, py cannot be 0, because then |- p = —(2v + py)

and
0=q(lp) =4q(y) =4j/p mod 1,

which is a contradiction. O

We will later see an example of a v of order n > p and norm j/p with (j,p) =1
where 1 contains no isotropic subgroup isomorphic to (Z/pZ)? but still €7 € im(1).
Since for components of level higher than p, elements of order p are always isotropic,
it is useful to decompose D = A ® B where A denotes the sum over the irreducible
components of order p and B the sum over the remaining components. So A = p™*
for some € = +1 and n > 0. To better understand the isotropic subgroups of p™

we need

Proposition 2.3.8. Let D = p™ and let H C D be a maximal isotropic subgroup
of D. Then H = (Z/pZ)" with

n/2
n/2 if n is even and € = (%)
r=19(n—1)/2 ifn is odd
n/2
(n—2)/2 ifn is even and e = — <;1>

p

Proof. Since H is maximal, the discriminant form H*/H contains no non-trivial
isotropic elements. It is well-known and not difficult to prove that the only p-adic
discriminant forms with this property are 0, p*! and p=*? with ¢ = (%) Because
|HL/H| = |D|/|H|?, we find that

rk(H-/H) =n — 2.

For n odd, this proves the claim and for even n it follows from sign(H+/H) =
sign(D) mod 8. O

Now we want to see for which discriminant forms e” € im(7) for all . First we
find those discriminant forms that satisfy the general condition of Corollary
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Proposition 2.3.9. Assume that D contains no isotropic subgroup isomorphic to
(Z/pZ)3. Then D satisfies one of the following conditions:

(i) D has rank two or less.
(ii) D has rank three and at least one Jordan component is of level p.

(i) D has rank four and D = p~2¢'¢E", where e = (%) and qi,qs are powers

of p and can also be p.
(iv) D has rank five and D = p~t¢*, where q is a power of p and can also be p.
(v) D has rank siz and D = p~¢, where ¢ = (%)

Proof. We choose a Jordan decomposition of D and write D = A @& B where A
denotes the sum over the irreducible components of order p and B the sum over
the remaining components. Since all elements of order p in B are isotropic and
orthogonal to each other, B must have rank less than three. If it has rank two, p™™

cannot contain any non-trivial isotropic element, so it is equal to one of
0, p*!, p (5 )2

If B has rank one, p™™ cannot contain any isotropic subgroup isomorphic to (Z/pZ)?,
so it is equal to one of
0, ptl p*2, p*, pt.

+n

If B is trivial, p™ cannot contain any isotropic subgroup isomorphic to (Z/pZ)3,

so it is equal to one of
0. ptl pE2 pE3 A4 x5 ()6
I 2R N SN CE Y R ZE

It is easy to check that the discriminant forms in this list are exactly the ones

obtained from the conditions stated in the proposition. O]

Finally, we check for which discriminant forms appearing in Proposition [2.3.9)
indeed im(1) = C[D].

Theorem 2.3.10. Let D be a discriminant form of level a power of an odd prime
p. Then im(1) = C[D] unless D is one of the following:

(i) D has rank two or less.

(i1) D has rank three and at least one Jordan component is of level p.
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(i1i) D has rank four and D = p‘€2qfﬂq§:1, where € = (‘71) and q.,qs are powers

of p and can also be p.
(iv) D has rank five and is of level p.

Proof. If D contains an isotropic subgroup isomorphic to (Z/pZ)?3, then by Corollary
im(1) = C[D]. Therefore, we consider the remaining discriminant forms,
described in Proposition|2.3.9. We show that in all cases except p_<_71)6 and p~tq¢t,
there is an element ¢ ¢ im(1). For p_(_Tl>6 and p~t¢*!, we show that im(1) = C[D].

We begin with the latter two cases.

So let v € pf(%)bj. We first assume that v # 0. If () = 0 mod 1, we can write

D= {y,uye&p

for some p € D where (7, ) = p(_?l>2. The component p~* contains a non-trivial

isotropic element, say 3. Then (v, 8) is an isotropic subgroup isomorphic to (Z/pZ)?

in 41 and we can apply Lemma [2.3.1, Now assume that q(y) = x/p with (%) =

e = +1. Then we can write
D={poptep )

The component p** contains an isotropic subgroup isomorphic to (Z/pZ)? and we

can again apply Lemma [2.3.1f We have seen that pf(%)6 contains isotropic sub-
groups H isomorphic to (Z/pZ)*. Obviously H C 0+ = D, hence, also ¢’ € im(?).

Now let D = p~4¢*! with ¢ > p and write
D=p e (y).

Let q(v) = j/q with (j,p) = 1. Tt is not difficult to see that for any 8 € p~*, there
exists a non-trivial isotropic ;1 € p~* N B+. And so for any element of the form
B + xy with £ = 0 mod p, the isotropic group H = {(u,q/p - ) is isomorphic to
(Z/pZ)? and in (B + x7y)* because

(q/p-~,B+xy)=2zq/p-q(y) =0 mod 1.

If (x,p) = 1, we can w.l.o.g. assume that 5 = 0, because one can also decompose

D =p @& (zy+ B). Let I, be the set of isotropic elements in p~* of order p. We
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define
V= Z ey (ev+<u>)

nelp

w = Z Y a/pyrd) (€7+u+((£1/p)'w+ﬁ>)

M7BEIP
(#75)2*21/17

u = Z o (e(Ha/Pr+5+()y

pelp,pep™

q(élf;ﬁlzlg/p
forl=1,...,p— 1. Then we have

v=1L|-e"+(p—1) Z et

nelp

The terms in w are of the form e!*4/P)7+ where a = p+ 1B with q(a) = I(u, B) =
—2lj/p and (o, ) = —21j/p. If we on the other hand start withanl=1,...,p—1
and o € p~*\ {0} with q(a) = —2lj/p, then we can find a u € I, with (a, p) =
—2lj/p. Furthermore, 8 := I"'(a — pu) € I, and satisfies (u, ) = —2j/p and
a = i+ 15. We denote the number of such p for a given a by @;. This number
does not depend on the choice of o because all such a are in the same orbit under
the automorphism group of p~*. For [ = 0 let us denote the number of 8 € I, with
(B,p) = —27/p mod 1 for a given pu € I, by ap > 0, which again does not depend
on the choice of . Then we find

W= Z a Z e(1+la/p)y+a

=0 aep~*\{0}
a(a)==2lj/p

The terms in u; are of the form e(+/Pr+e where o = mu + B with q(a) = q(8) =
—215/p and (o, p) = 0. Again for any given [ =1,...,p—1 and o € p~*\ {0} with
q(a) = —2lj/p we find a p € I, with (o, u) = 0. Then for every m =0,...,p—1 we
find that 8 := a — mu € p~* satisfies (u, 3) = 0, q(B) = —21j/p and o = mu + B.
We denote the number of such p for a given a by b, > 0, which again does not

depend on the choice of . Then we find

aep~*\{0}
q(a)=—2lj/p
Together we get
-1
1 p—1 S (p—Da
— v — + | =€’
| Z,| ag z:: aoppb
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Now we go through the four conditions provided in the theorem and show that in
each case we can always find a ~ for which e” is not in im(?):

If D has rank two or less, we can write D = () @ (v), where 3 and ~ are either
anisotropic or trivial. So v+ = () contains at most one isotropic subgroup of order
p. By Lemma e? ¢ im(1).

Now let D = (u) & (8) @ (), where u, 8 and ~ are all anisotropic and q(u) =
x/p mod 1 for some integer x coprime to p. Then v+ = (u)®(B) and B+ = (u) D (7).
If ord(8) = n > p, then (n/p- B) is the only isotropic subgroup of order p in v+
and so €” ¢ im(1). If ord(3) = p, the only subgroup in 3+ isomorphic to (Z/pZ)?
is (i) @ (ord(v)/p-~), which is not isotropic since p is not. So by Proposition
e ¢ im(1).

Now let D = p_(%lp @ (B) ® (), where 8 and ~ are anisotropic. Similar to before,
if B is of order n > p, then (n/p- B) is the only isotropic subgroup of order p in =+
and we can apply Lemma . If ord(f) = p, then we can assume that - has order
p as well, because otherwise we are in the same situation as before just with the

roles of 3 and 7 reversed. And so 8+ = p*™, which contains no isotropic subgroup

isomorphic to (Z/pZ)? and so by Proposition e & im(1).

Finally, let D = p~* @ (v), with v of order p. Then v+ = p~* which contains
no isotropic subgroup isomorphic to (Z/pZ)* and so again by Proposition [2.3.7]
e? & im(1). O

The case where p =2

Now we consider the prime p = 2. The situation is similar to p odd, but more
complicated.

We assume that D is a discriminant form of level a power of 2. We define a graph
Gp = (V, E) with set of vertices V' and set of edges E by

V=D,
E={{y,Bt CV|p:=ry—p ord(n) =2,
a(p) = (1,7) = (4, 8) = 0 mod 1},

i.e. there is an edge between v and § if and only if {7, 8} is a coset in H+/H for
some isotropic subgroup H of order 2. If for v¢,...,7, € V there is an edge between
v and ;41 for . =1,...,n — 1 and an edge between ~, and 7, we call (y1,...,7,)
an isotropic cycle of length n. Recall that a graph G = (V| F) is called bipartite if
one can partition V into two disjoint sets A and B such that for no e € E' we have

e C AoreC B. We have
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Proposition 2.3.11. Let v € D. Then the following are equivalent:
(1) €' € im(T)
(i) The connected component of Gp containing v is not bipartite
(i1i) Gp contains an isotropic cycle containing y that has odd length

Proof. We first show (i) implies (ii) by contraposition. Suppose that the connected
component G' = (V' E’) of Gp containing v was bipartite with decomposition
V= AU B. We can assume that v € A and define

v::Zeﬁ—Ze’B.

BEA BeEB

Now let H be any isotropic subgroup of order 2. If 3 € H* for some 8 € A, then
B+ H is an edge in G and so the other element in this coset is in B. By the same
reasoning if § € B the other element of 5+ H is in A. Therefore

br () =Y du (") = lu (")

BEA BEB

=D bu (@)= du (&)
BeA BEA

= 0.

By Lemma this implies that v € ker({). Since (v,e?) = 1, we know
& ¢ ker(1)* = im(1).

Now assume that the connected component G' = (V’, E’) of Gp containing ~ is not
bipartite. We want to show that G’ contains an isotropic cycle containing v that
has odd length. It is a well-known fact from graph theory that a graph is bipartite
if and only if it contains no cycle of odd length. So let (5, ..., 8,) with n odd be an
isotropic cycle in G’, which must exist by assumption. Since G’ is connected there

exists a path (v,71,...,%m, /1) in G’. But then

(77717"'777717/817-"7ﬂn76177m7"'771)

is an isotropic cycle containing v of length 1 +m +n + 1+ m = 2m + 2 + n, which
is odd.

Finally, we want to show (iii) implies (i) so let (71,...,v,) be an isotropic cycle
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with n odd and v; = v and set y,.1 = 7. Let p; = y,41 — vy fori =1,... n. By

definition p; is isotropic and orthogonal to ;, so
1 - ( Vi
=5 2 () T (7)
i=1

is well-defined and in im(1). We have

1 1 .
7 i — o i i1
3 o P () = =5 D e
BN (AP0 Vi1
= 3 (e + )

]

If v+ contains an isotropic subgroup isomorphic to (Z/27)? then Lemma
implies that in this case an isotropic cycle of odd length containing v exists. In fact
if

{0, g, pa, pa + pro}
is such a group, then

(Yoy + 1,y + f1 + p2)

is an isotropic cycle containing v of length 3.

Lemma [2.3.6] also holds for p = 2:

Lemma 2.3.12. Let v € D. If ¥ € im(?) then v contains at least two isotropic

subgroups of order 2.

Proof. Suppose that p; is the only isotropic element of order 2 in 7+ and that
(Y0, 71,725 - - - s Yn—1) 18 an isotropic cycle of length n with n odd and vy = 7. Then
=y — Y and we set p; =y, —v;—1 fore =2,... ,;n—1and p, = v —yn—1. Note
that v; = v+ >0 iy, (1i,%i-1) = (13,7) = 0 mod 1 and q(v;) = q(7) mod 1 for
alli=1,...n. If n =3, then {0, 1, p2, p3} is an isotropic subgroup isomorphic to
(Z/27)* in v*. Hence, n > 5. We show that we can construct an isotropic cycle of
length n — 2. Then, recursively we can find an isotropic cycle of length 3, which is a
contradiction. If p; = p;q for some i = 1,...,n, then (Yo,...,%i—1,Yit2,--,Vn) IS
an isotropic cycle of length n — 2. So assume that u; # 11, in particular puy # po.
This implies
(k2 11) = (p2,7) =1/2 mod 1.
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If ps = pq, then v3 = v + e and so

(7, p2) = a(y3) —a(y) —alpe) =0 mod 1,

which is a contradiction. Therefore, (us,v) = 1/2mod 1 and so (usz, p1 + po) =
1/2 mod 1. This implies that p; + up + s is isotropic and in 4+, i.e. equal to p;.
But then (0,73, -..,7vn—1) is an isotropic cycle of length n — 2. O

As we did for odd primes we want to find those discriminant forms that do
not contain an isotropic subgroup isomorphic to (Z/27Z)3. Again it is useful to
decompose the discriminant form D into those components where all elements of
order 2 are isotropic, and those where this is not the case. The former is the case for
Jordan components of type 4?1" and irreducible components generated by elements
of order divided by 8. The latter therefore consists of components of type ZIiI”, 2Fn

and 47™. Furthermore note that
2 =25

and ee(t/8) and € (%) are invariant under this change of symbols. Therefore, we can
always assume that € = +1 and 2" is generated by pairwise orthogonal elements
[y« o pn With q(p;) = t;/4 mod 1, where ¢; = +1.

For discriminant forms of level p odd it was easy to see, when they do not
contain any isotropic subgroups of large rank. For discriminant forms consisting of
components of type 2?1", 2F" and 4™ it is more difficult. We will do this in the

next three lemmata.

Lemma 2.3.13. Let D) be the set of discriminant forms D such that D is a sum
of components of type 2?1", 25" and 4™ and D contains no non-trivial isotropic

elements. Then D} consists of the following discriminant forms:

—2 +1
0, 2]], 2t 9

2?2, where t = 2 mod 4,

t
23 where € <§> = -1,

+1 +1 4£1
4FL oF1gE

Proof. Let D be a sum of components of type 2#, 27" and 4. First we assume

that D is of type 25". By definition 2};* contains a non-trivial isotropic element and

if n >4, we can write 27" = 2/> @ 2#71_2), so that only 0 and 2, are in Dj.
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Now we assume that D has level 4, i.e. D is of type 2. It follows from Propo-
sition that 2;°', 2 with ¢t = 2 mod 4 and 2{* with € ({) = —1 are the only
discriminant forms that do not contain non-trivial isotropic elements.

Now we assume that D has level 8, so D is of the form 45", 21_124Si” or 2%’"4?". If
n > 2 then it is again easy to see that there is an isotropic element of order 2. So
n = 1 and 4F! is generated by an element v and q(2v) = 1/2 mod 1. Therefore, the
other component must not contain a non-trivial element of norm 0 or 1/2. This is

the case only for 0 and 2!, O
Now we consider isotropic subgroups isomorphic to (Z/27Z).

Lemma 2.3.14. Let D) be the set of discriminant forms D such that D is a sum
of components of type 2%”, 25" and 4Em and D contains no isotropic subgroup

isomorphic to (Z/27)?. Then D} consists of the following discriminant forms:

+2 o4
O? 2[[ ) 2[[ )
2?[”, where n < 3

2¢4 . where ee(t/8) # 1

t
2% where € <§> =-1

+1 +2 4+1
45 ) 2[[ 45 )

2zcn4i1

5, wheren <3

+2 +1 442
4F2 oFyE?

Proof. Let D be a sum of components of type 214[[", 25" and 4. First we assume

that D is of type 25", Of course 23° = (7/27)?, which contains an anisotropic
clement and so 252 € D). If n > 4 we can write 25" =2 272 ¢ 250" and 2502
must be in D}, so we only get 2,* € Dj.

Now we assume that D has level 4. Then D is of type 2{". If D € D] then also
D € D). Otherwise D contains an isotropic element v of order 2 and (y)*/({vy) =
2:=2) op (V) {y) = 2#”72), with € = ¢(=1)*%/2. Now D € D} if and only if
(v)*+/{v) € D}. This shows that D € D} when n < 3. For n = 4 we see that D € D,
if ee(t/8) = e(sign(D)/8) # 1 and for n =5 if e (1) = —1.

Now we assume that D has level 8 and so D = 25™4F" or D = 2F™4F" If n = 1
then 4F! is generated by an element v of order 4 and q(2y) = 1/2 mod 1. So 27"
respectively 2™ must not contain any isotropic subgroup isomorphic to (Z.)27.)?,
but also no distinct py, g with (p1, g2) = 0 mod 1 and q(p1) = q(u2) = 1/2 mod 1,

because in the latter case py + 27 and pus + 27 generate an isotropic subgroup
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isomorphic to (Z/27Z)?. We have already seen that only
0, 27, 25",
2?“, where n < 3

2¢4. where ee(t/8) # 1

t
2¢°, where € <§> =-1

contain no isotropic subgroup isomorphic to (Z/27)%. Going through this finite list
of discriminant forms one finds that only 2%, 25* and 2° contain elements s, jo
with the above stated norms.

Now we consider n = 2. Then 42 is generated by two anisotropic elements v, 3 of
order 4 orthogonal to each other and q(2y + 25) = 0 mod 1 and q(2v) = q(26) =
1/2 mod 1. And so the other component must not contain any non-trivial element
1 of norm 0 or 1/2. This is the case only for 0 and 2.

Finally, if n > 3, 473 is generated by three anisotropic elements v, 3, u of order
4 all pairwise orthogonal and q(y) = s1/8 mod 1, q(f) = s2/8 mod 1 and q(u) =
s3/8 mod 1. But then 2y+24 and 2y+2u generate an isotropic subgroup isomorphic
to (Z/27)?. This concludes the proof. O

Similarly, we prove the result for (Z/27Z)3 and get

Lemma 2.3.15. Let D5 be the set of discriminant forms D such that D is a sum
of components of type 2?1”, 25" and 4Em and D contains no isotropic subgroup

isomorphic to (Z)2Z)3. Then D} consists of the following discriminant forms:
0, 2%, 2i", 2,
2" where n <5

20 where ee(t/8) # 1

t
2¢7 where ¢ (5) =-1

+1 +2 4£1 +4 1+1
43 ’ 2[[ 43 ) 21143 ’

+n 4£1
2t 48 )

+2 +2 1£2
45 ) 2[[ 45

2?:n4:|:2

s )

where n <5

where n < 3
+3 o+l ,43
470 27477,

Proof. Let D be a sum of components of type QIiI”, 25" and 4. First we assume

that D is of type 25". If n = 2 then D € D) C D}, so assume that n > 4. Then
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we can write 22" = 202 @ 250" and we must have 25" € D). So we get
254,25 € Dy,
Now we assume that D has level 4. Then D is of type 2{". If D € D) then also
D € Dj. Otherwise D contains an isotropic element « of order 2 and (y)1/{vy) =
2072 or ()L /(y) =2 257 with ¢ = ¢(—1)*/2. Now D € D} if and only if
(v)* /() € D). This shows that D € D} when n < 5. For n = 6 we see that D € Ds
if ee(t/8) = e(sign(D)/8) # 1 and for n =7 if e (§) = —1.
Now we assume that D has level 8 and D = 2774F" or D = 2™4*". First we
assume that n = 1. Then 4F! is generated by an element 7 of order 4 and q(27) =
1/2 mod 1. So the other component must contain neither an isotropic subgroup H
isomorphic to (Z/27Z)3, nor an isotropic subgroup isomorphic to (Z/2Z)? with an
additional element u € H* of norm 1/2 mod 1. We have already seen that only
0, 2%, 25 25,
2?”, where n < 5

20 where ee(t/8) # 1
t
2¢7 where € <§) =-1

contain no isotropic subgroup H isomorphic to (Z/2Z)3. Going through this finite
list of discriminant forms one finds that only 2,°, 2 and 2¢7 contain a subgroup H
and g of norm 1/2 mod 1 as described above.

Next assume that n = 2. Then 42 is generated by two elements -, 3 of order 4 and
q(2y+28) =0 mod 1 and q(27) = q(28) = 1/2 mod 1. So the other component
must not contain any isotropic subgroup isomorphic to (Z/27Z)?, but also no py,
with (u1, p2) = 0 mod 1 and q(p1) = q(p2) = 1/2 mod 1. But we have already
seen in the proof of the previous lemma that this holds exactly for 0, 2?12 and 25",
where n < 3.

If n = 3, then 453 is generated by three elements 7, 3, 1 of order 4 and q(2y+23) =
q(2y+2u) =0 mod 1 and ¢(2v) = 1/2 mod 1. So the other component must not
contain any non-trivial element of norm 0 or 1/2 mod 1. Therefore, we get 45 and
25143,

If n > 4, 4%* is generated by four anisotropic elements 7;,72,73,71 of order 4
all pairwise orthogonal with q(7;) = s;/8 mod 1. Then 2v; + 27,5, 275 + 273 and
273 + 27, generate an isotropic subgroup isomorphic to (Z/2Z)3. This concludes
the proof. O

Now we can say under which conditions a 2-adic discriminant form contains no

isotropic subgroup isomorphic to (Z/27)3.
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Proposition 2.3.16. Let D be a discriminant form. We choose a Jordan decom-
position of D and write D = A® B, where A denotes the sum over the components
of type Qﬁn, 2" and 4™ and B the sum over the remaining components. Then D
contains no isotropic subgroup isomorphic to (Z/27Z)% if and only if B has rank r

with 0 <r <3 and A€ D;_,.

Proof. The elements of order 2 in B generate an isotropic subgroup isomorphic to
(Z/27)", so D contains no isotropic subgroup isomorphic to (Z/27)? if and only if

3—r

A contains no isotropic subgroup isomorphic to (Z/2Z)*~". The previous lemmas

prove the proposition. 0

Before we can show for which 2-adic discriminant forms one has im(1) = C[D],

we need

Lemma 2.3.17. Let A be a discriminant form isomorphic to a sum of components
of type 23", 25" and 4F™. Let q,§ > 8 be powers of 2, t,t € {1,3,5,7} and
e=(%),e= <£> Then im(1) = C[A @ ¢;] if and only if im(1) = C[A & {].

2

Proof. Suppose that im(1) = C[A @ ¢f] and let ¥ € A@® ¢ be arbitrary. We assume

that ¢f is generated by an element 3 with q(8) = 2iq mod 1 and ¢¢ is generated by

an element 3 with q(3) = % mod 1. Write ¥ = a + 23 with & € A and z € Z. By
assumption, for vy = a+zf € A® ¢f we have ¢” € im(1). Note that the elements in
the connected component of 7y in G 4gqe are of the form v+, p1;, where p; € A gf
is isotropic of order 2. Similarly the elements in the connected component of ¥ in

GA@qtg are of the form ¥+, fi;, where i, € A® q~§ is isotropic of order 2. The map

p=p +(q/2)8 — ji=p +(3/2)3

defines a bijection from the isotropic elements of order 2 in A® ¢ to those in A@Ejf.

For all isotropic py, o € A @ ¢q; of order 2 we have

mod 1

EPRIES

(%, 1) = (a, 1) + 2(q/2)

t
= (o, u}) +ag mod 1

t

= (o) + 7(/2)% mod 1

= (7,1) mod 1



72 CHAPTER 2. ISOTROPIC LIFTS

and

(v o) = (ph i) + (@/2)(@/2) = mod 1

2| o+

= (u1, p5) mod 1
= (p1, 2) mod 1.
This shows that the connected component of v and the connected component of ¥

are isomorphic graphs and hence €7 € im(1) as well. Reversing the roles of A @ ¢f

and A @ (jf proves the lemma. O

As for the p-adic case we refine the result of Proposition [2.3.16| to get a precise
statement when im(1) = C[D].

Theorem 2.3.18. Let Dy = D}, i.e. the set of discriminant forms consisting of

-2 o*l
0, 2/, 27,

2?2, where t = 2 mod 4,

t
23 where € (§> = -1,

5, 245,
let Dy be the set of discriminant forms consisting of
0, 252
2?“, where n < 3
2¢4 where ee(t/8) # 1
1, 2,

2tin4:|:1

5, wheren <3

4:t2 2:|:14:|:2
s t s
and let D3 be the set of discriminant forms consisting of
12 ot4
0, 2% 271,
2?", where n < 5

256 where t = 2 mod 4

+1 +2 441 +4 441
45 ) 2[[ 43 ) 21] 43 ’

2;tn4:|:1

5, wheren <5

+2 +2 442
45 ) 2[] 45

2?:n4:|:2

s )

where n < 3

+3 +1 443
A3 oF1yEs
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Let D be a discriminant form of level a power of 2. We choose a Jordan decompo-
sition of D and write D = A ® B, where A denotes the sum over the components

of type 2?1”, 2" and 4F™ and B the sum over the remaining components. Then

im(1) = C[D] unless B has rank r with 0 <r < 3 and A € Ds_,.

Proof. If D contains an isotropic subgroup isomorphic to (Z/2Z)3, then by Corollary
im(1) = C[D]. Therefore, we consider the discriminant forms described in
Proposition[2.3.16] We show that for those discriminant forms described in Theorem
there is an element e” ¢ im(1). For those discriminant forms not in Theorem
we show that im(1) = C[D].

First we assume that r = 2 and that A € D). If B = ¢ for q some power of 2
and v € B of order ¢, then 4+ = (3) @ A, where 3 € B is some element of order
q. Therefore, the only isotropic element of order two orthogonal to v is (¢/2) - .
If on the other hand B is the sum of odd 2-adic components and generated by two
anisotropic elements v and 3 orthogonal to each other, then v+ = (3) @ A and so
the only isotropic element of order two orthogonal to 7 is (ord(5)/2) - 8. In both
cases Lemma implies €7 ¢ im(?). Hence, D; = D;.

Now we assume that » < 1. If r = 1, because of Lemma [2.3.17, we can assume
that B = 8. Therefore, we only need to check for a finite number of discriminant
forms D whether im(1) = C[D], i.e. whether G contains no bipartite component.
This can be done quickly by a computer. This was done using the computational

algebra system Magma [10]. ]

2.4 Main theorem on isotropic lifts

Now we can finally prove the main theorem. We first define what it means for a
discriminant form to be of small type.
First let D be a discriminant form of level a power of p for some prime p. If p

is odd then we say that D is of small type if one of the following conditions holds:
(i) D has rank two or less.
(ii) D has rank three and at least one Jordan component is of level p.

(iii) D has rank four and is of type p~2¢i'¢i!, where € = <_71> and q,qy are

powers of p and can also be p.

(iv) D has rank five and is of level p.
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If p = 2 we choose a Jordan decomposition of D and write D = A @& B, where A
denotes the sum over the components of type 27", 2i" and 4™ and B the sum
over the remaining components. Then we say that D is of small type if B has rank
r with 0 <r < 3 and A € D;_,., where Dy, Dy and D3 are as defined in Theorem
. Recall that the components 22", 27" and 4™ are exactly those containing
anisotropic elements of order 2.

Now let D be a discriminant form of arbitrary level N = le N D7 We say that D
is of small type if for all p| N the p-subgroups D, of D are of small type.

We remark that any discriminant form of rank > 7 is not of small type and any

discriminant form of odd level and rank > 6 is not of small type. We get

Theorem 2.4.1. Let D be a discriminant form. Then all modular forms for the
Weil representation of D are linear combinations of modular forms of the form
1u (f), where H C D is an isotropic subgroup such that H*/H is of small type and
f is a modular form for the Weil representation of H+/H. For any discriminant
form of small type there exist modular forms which are not linear combinations of

isotropically lifted modular forms.

Proof. If D is of small type then im(1) € C[D] by the previous two subsections.
From Theorem 2.2.4] we know that in this case there exist modular forms which
are not linear combinations of isotropically lifted modular forms. To show that
for a discriminant form not of small type we can write all modular form as linear
combinations of modular forms lifted from discriminant forms of small type we use
induction on |D|. If D is trivial then D is of small type and there is nothing to prove.
Now assume that |D| > 1 and that the assertion holds for discriminant forms of
order smaller than |D|. If D is of small type then, again, there is nothing to prove.
Otherwise we have seen in the previous two subsections that im(1) = C[D]. Again
using Theorem we know that all modular forms for D for all weights k € %Z
are linear combinations of isotropically lifted modular forms. Using the induction

hypothesis and the fact that the isotropic lifts are transitive we get the result. [

We remark that in his Ph.D. Thesis [71] Werner showed that for a discriminant
form D of level N all modular forms are linear combinations of isotropically lifted
modular forms if |D] > N?. In contrast to Werner’s result Theorem is sharp.



Chapter 3
Invariants of the Weil representation

In this chapter we will investigate the space of invariants for the Weil representation.
In particular, we will show that all invariants are induced from five fundamental

invariants, specializing the main theorem of the previous chapter.

This chapter is based on joint work with Nils Scheithauer (cf. [53]).

3.1 General results on invariants

Let D be a discriminant form. Recall that the non-trivial element in the kernel of the
covering map Mp,(Z) — SLy(Z) acts as (—1)%"") | so that the space of invariants
C[D]MP2(?) ig trivial if D has odd signature and when D has even signature the
Weil representation pp descends to a representation of SLy(Z). So let from now
on D be a discriminant form of even signature. Throughout this chapter we write
[ =TW = SLy(Z). We define the space of invariants by

C[D]" = {v € C[D] | pp(M)v = v for all M € SLy(Z)}.

We first describe some general properties of C[D]'.

We denote in this chapter the set of isotropic elements in D by I. Let v =
> ep U,€7 be an invariant of I'. Then the T-invariance implies that v, = 0 if ¢ 1.

Hence, dim C[D]" < |I|. We give an exact formula below.

We recall some properties of I'(N). The group I'(N) is a normal subgroup of T’

and has index

ID(V\L = N T (1 = 1/p%)

p|N

75
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in I'. The number of classes of cusps is
if N=2
(N2 TLw(1—1/5?) if N> 3
where P = QU {oo}. The (classes of) cusps are parametrised by the elements (a, ¢)
of order N in (Z/NZ)? if N = 2 and by the pairs 4=(a, ¢) of elements of order N in
(Z/NZ)* it N > 3 (see Lemma 3.8.4 in [2I]). Let M = (¢%) € I. Then the cosets
of I'(N)\I" sending oo to a/c can be represented by MT™ if N = 2 and by £ MT"

if N > 3 where in both cases n ranges over a complete set of residues modulo N.

IP(N\P| =

Now we describe the projection on the subspace of invariants. We define the

map
invp : C[D] — C[D]
by
1
invp(e’) = ———= pp(M~1e.
o) = e, 2

It maps onto the subspace of invariants C[D]". Since I'(NN) is normal in T and pp

is unitary, we have
(invp (v), w) = (v, invp(w))
for all v,w € C[D]. Let v = Y°__,v,e” € C[D]". Then (v,invp(e?)) = v,. This
implies invp(e?) = 0 if v ¢ [. Furthermore, invp commutes with pp(M) for all
M eT.
We can calculate invp(e?) as follows.

Theorem 3.1.1. Let D be a discriminant form of even signature and level dividing
N and v € I. Then

invp(e?) = Z invp(e?)s

seD(N)\P
with
: 4y N D |
invp(e’)s = &M —dq.(pu—a —b(u, K
n D( ) g( ) |F<N)\F| \/W ue(a,y—‘rZDC*)mI€< q (/’l’ /7))6( (,U, 7))6
if N =2 and
: 1y N VD
invp(e”), = &M

ST e(—da, (i — av))e(=bl, ) {e" + e(sign(D) /4)e ™}

we(ay+De*)NI

if N > 3 where in both cases M = (¢ Y) is any matriz in I such that Moo = s.
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Proof. We can write

invp(e?) Z invp(e?)s
seD(N)\P
with
1
invp(e')s = ——= pD(J\/[_l)e“Y
N, 2
Moo=s

Suppose N > 3. Let s € P and M = (¢}%) € I such that Moo = s. Then

va(e’Y)S:‘ ) N > {eo(MT™) e + pp((—MT™)1)e'}
n€Z/NZ
= Z pp(T M~H{e” + e(sign(D)/4)e "}
neZ/NZ

N SR VAL .
= €07 [ MZD ~d (i — ay))e(—b(, 7))

Y po(T){e" + e(sign(D)/4)e ™}

n€Z/NZ

= €0 e X dulm el

{e" + e(sign(D)/4)e™"},

where we used the explicit formula (|1.2.1)) for the Weil representation, v € I and

> pp(T et =0

n€Z/NZ

if uw ¢ 1. For N = 2 we just drop the second sum. []

The dimension of the subspace of invariants is given by the trace of the linear

map invp, i.e.

dim C[D]" = tr invp = Z(lHVD (e7), Z Z (invp(e7)s, e’).

Nerl ~el seT(N)\P

The previous theorem implies

Theorem 3.1.2. Let D be a discriminant form of even signature and level dividing

N. Then
dim C[D Z d,

sel'(N)\P
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with
oy N VD
ds = (M e(—dq.((1—a
(1—a)yeDe*
if N =2 and

. N D] - .
= €M) [ m{ S el-da(1-a))

vyel
(1—a)yeD**
+e(sign(D)/4) Y e(=da((1+a)y)) }
yel
(14a)yeD**

if N >3, where in both cases M = (¢ Y) is any matriz in T such that Moo = s.
We describe some properties of the invariants of pp and the projection invp.

Proposition 3.1.3. Let D be a discriminant form of even signature and level di-
viding N. Letv=>_ _,uv.e’ € C[D]". Then

yeD
Uy = XD<a)Um

for all a € (Z/NZ)* and v € D. If xp is non-trivial and H is a subgroup of D,

then
Z vy =0.

yEH
Proof. Let M = (25) € To(N). Then
v=pp(M)v="> wv,pp(M)e” = xp(a) Y _v,e® = xp(a) Y vae”.
yel vyel vyel

For the second statement note that H decomposes into orbits under the action of
(Z/NZ)* and
Z Vay = Z xp(a)vy = vy Z xp(a) =0.
(a,N)=1 (a,N)=1 (a,N)=1
This proves the proposition. O]
Proposition 3.1.4. Let D be a discriminant form of even signature with non-trivial

xp- Then

inVD(€0) =0.

Proof. Since 0 is a subgroup of D, we have (v,invp(e?)) = vy = 0 for all v =
> epvre” € C[DI'. Hence, invp(e’) = 0. .
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Proposition 3.1.5. Let D be a discriminant form of even signature and v € I+,

Then invp(e?) = invp(e?).

Proof. Let v=73",.,vge’ € C[D]". Then the invariance of v under J implies

o _ cign(D)/8) o~ _ elsign(D)/8) ¢~
X Dl 6213) se((7,8)) NV ; se((v, )

_ e(sign(D)/8) . 81gn /8 . — o
- \/W BZE; 8= = = L; g = Yo-

It follows (v,invp(e?)) = v, = vg = (v, invD(eO)>. O

Let D be a discriminant form of even signature which contains no non-trivial
isotropic element, i.e. I = {0}. Then I+ = D. If in addition D is non-trivial, then
the proposition implies that invp(e?) = 0 and dim(C[D]") = 0. (Choose v € D\{0}.
Then + is non-isotropic so that invp(e®) = invp(e?) = 0.)

Proposition 3.1.6. Let D be a discriminant form of even signature with non-trivial

Xp and v € D such that 2y € I*+. Then invp(e?) = 0.

Proof. Let v =73 5 vge? € C[D]'. The invariance of v under J and Proposition

B3 give

e(sign(D)/8) 81gn /8
= OO S > el )
‘D| BeD pel

e(sign(D)/8

Bel Bel
(8,7)=0 mod 1 (8,Y)=1/2 mod 1
e(sign(D)/8)
o LIEED Y
| | Bel Bel
(B,7)=0 mod 1
D)/8
- 26(Slgn( )/8) Z A
N
because 0 and v+ are subgroups of D. O]

Proposition 3.1.7. Let D be a discriminant form of even signature and level di-
viding N. Suppose (N,5) = 1 and xp(5) = —1. Let v € D such that 4y € I+.

Then invp(eY) = 0.
Proof. For v =73, ,vge’ € C[D]" we have

b= GO Sy S,

7=0 BeI
(B:y)=34/4 mod 1
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The sets {f € I | (B,7) = j/4 mod 1} are invariant under multiplication by 5. On
the other hand vsg = xp(5)vg = —vg for all § € D by Proposition [3.1.3] It follows

2 Z vg = Z (U§+U55):O.

Bel Bel
(Byy)=j/4mod 1 (By7)=j/4 mod 1
This implies the statement. O

Note that the condition of the proposition is satisfied for example for 2-adic

discriminant forms D of even signature such that |D| is not a square.

3.2 Discriminant forms of prime level

In this section we calculate the projection on the subspace of invariants and the
dimension of this space explicitly for discriminant forms of prime level.
We start with the case that p is odd.

Theorem 3.2.1. Let p be an odd prime and D a discriminant form of type p*. Let
vel. Then

n/2
. -1 1 1
invp(e?’) =€ (?) 1 o { Z pet — Ze“}

pe(ytnI) pel

if n is even and

(n+1)/2
—1 2 1 1

invp(e”) =€ — -] = g P, 7) et

p p) p*—1 pn=3)/2 p
nel
1 a
+ E — e
p*—1 (p>

a€(Z/pZ)*

if n is odd.

Proof. The cusps of I'(p) are represented by the pairs +(a, ¢) € (Z/pZ)*\{(0,0)}.

If (¢,p) = 1, we can choose any d € Z/pZ and define b = ¢ '(ad — 1) to obtain
a matrix (2%) € SLy(Z/pZ) (¢™* denotes the inverse of ¢ modulo p). Let M be
any lift of (2 %) to I' (recall that the projection SLy(Z) — SLo(Z/pZ) is surjective).
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Then
R S
1nVD<€ )S = f(Ms )pQ 1 W
> el=da(p— av))e(=b(u, 7)) {e" + e(sign(D) /4)e "}
pe(ay+De*)NI

Taking d = 0 mod p and using the explicit formula for (M) given in [60] we

obtain

o (7). = elsgn(D)s) (115 ) g =1

> el () {e" + elsign(D) /4)e "},

nel

Recall that in [60] the dual Weil representation was used.
If ¢ = 0 mod p, we choose a matrix (¢ %) € SLy(Z/pZ) and lift it to a matrix My in
I'. Then

i Nno= (L L e?’ + e(sign e
invp(e”)s = (|D|) p2—1{ + e(sign(D)/4)e”*"}.

Summing over all cusps of I'(p) we get

invo(e?) = 5 efsign(D)/8) = s (e + elsign(D)/4)e "}

pel

> (ﬁ) e(c(p, 7))

c€(Z/pL)*
2 (|D|) {e"" + e(sign(D)/4)e "}

+1 1
92 _ 1
2p 1 we(B/aE)

If n is even, then e(sign(D)/8) = e(_?l)n/z (see the proof of Theorem 7.1 in [59])
and
if (u,v) =0 mod 1,

. (|;|) e(c(u,v)) = pl

ce(Z/pZ)* —1 otherwise
so that
—1\"* 1 1
; N 2 po_ p
mVD<€>—€(p) p2_1p(n—2)/2{ D, pei=) e }
pe(ytnI) pel
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If n is odd, the statement follows from

: 2 if p=1 mod4,
e(sign(D)/8) =€ —
P (=) *+D/2(—4) if p=3 mod 4

and
1 if p=1 mod4
¢ Pl p od &,
> (—) e(c(p,v)) = ( ( )) vPy
cezpzy< P p i if p=3 mod 4
(see Theorem 1.2.4 in [2]). O

Note that for n = 1 or n = 2 and 6(%) = —1 we have [ = {0} and invp(e?) =0
for all v € D. The first formula in the theorem extends to discriminant forms of
level 2.

Theorem 3.2.2. Let D be a discriminant form of type 297 with n even and v € I.
Then
inv (e”)zel; E 26“—5 et —I—le7
P 3 20272 37
pe(yLnI) nel

Next we calculate the dimensions of the subspace of invariants.

Theorem 3.2.3. Let p be an odd prime and D a discriminant form of type p.
Then

n—1 . n/2
dim C[D]" = LA -1 pD2 4
pP—1
if n is even and
. r _
if n s odd.

Proof. This can be proved directly by using Theorem or by means of Theorem
3.2.1] We describe the second approach for n even. For v € I we have

n/2 .
—1 1 1 1 1 if v #£0,
(e, ) = e (1) R EaL
p p? — 1 pn=2/2 P=1]p-1 ify=0
so that
dim C[D]" = Z (invp(e?),e”)

2
e (21) T S st 0= D) (10N + (- 1)

p—1
pn—l_p -1 n/2
pr—1 p

by Proposition [1.1.1} O]
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We describe an example. If D is of type p® with € = (_71), the subspace of
invariants has dimension dim C[D]" = 2. The discriminant form D is generated by

two isotropic elements 7,2 such that (v;,72) = 1/p mod 1. We have

1
i 0= _— {0 E p
invp(e”) p+1{6 + e}

nel

and

1 1
; My — B 0 Iz
invp(e™) p— e p2_1{e—l—g e}.

pe(m) nel
This implies that C[D]" is generated by the elements ZuE(n) e’ and ZMG(’YZ> et

which is a special case of Skoruppa’s result.

As for odd primes we can prove

Theorem 3.2.4. Let D be a discriminant form of type 27} with n even. Then

anlq
dim C[D]" = T—i_ + e2n=2/2

The dimension formulas in Theorems and have also been found by
Zemel using a slightly different approach (see Theorem 5.6 in [73]). We also remark
that the numerical values of dim(C[D]") for some of the above discriminant forms

and others have been determined by Skoruppa and Ehlen (see Section 6 in [24]).

Corollary 3.2.5. Let p be an odd prime and D a discriminant form of type p
with € = £1. Choose v € I\{0}. For j € Z/pZ define

M®); = {ne {0} | (4,7) =j/p mod1}.

Let
Myt = | Me,u U
JE(Z/pZ)* JE(Z/pZ)*
exp(j)=+1 xp(j3)=+1

with ¢ = €(2) and analogously M(v)~. Then C[D]" is 1-dimensional and spanned

by ’
Z el — Z et .

HEM(y)T HEM(v)™

If D is of type p~* where p is an odd prime or of type 21_14, then C[D]' is 1-

pe’ — Z et

nel

dimensional and spanned by

with p = 2 in the latter case.
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Proof. In the first case C[D]" is spanned by invp(e?) for any v € I\{0} and in the

second case by invp(e?). O

The decomposition I\{0} = M(v)* U M(vy)~ is independent of the choice of
v € I\{0} and is equal to the decomposition of I\{0} under the action of the
spinor kernel of SO(D). The size of M(y)* is (p? —1)/2.

3.3 Some 2-adic exercises

We study some 2-adic discriminant forms which will play an important role in our

main theorem on invariants.

Let D be a discriminant form of type 2*. Then D* contains a single element,
which we denote by x5. The signature of D is even if and only if n is even. In this
case the matrix Z = —1 € I' acts as multiplication by e(—t/4) = e(t/4) so that

there are no non-trivial invariants if ¢ = 2 mod 4.

Proposition 3.3.1. Let D be a discriminant form of type 2;" with n even andt =0
mod 4. Then

1 1 1
invD(e'y) = 667 + 6€7+x2 + € (—1)t/4 6 2(n 4)/2 { Z 2et — Z@N}

(ytnI) nel

fory eI and
2"+ 1
3

The proof is similar to the proof of the next theorem. We therefore omit it.

dim C[D]" = + e(—1)/42n=0/2

We describe two examples. If D is of type 242, then C[D]" is 1-dimensional and
spanned by invp(e®) = invp(e®2) = (e° 4+ €™)/2. If D is of type 2,* = 2/*, then
C[D]" is trivial.

Let D be a discriminant form of type 2:"4/?. Then D has even signature if and

only if n is even.

Proposition 3.3.2. Let D be a discriminant form of type of type 2"41* with n

even. Then
1
invp(e?) = E{e7 +e(t/4)e™ "}

+ i > elaplp — ) e +e(t/4)e ™}

pe(y+D2)NI

+ee(5t/8) 5 g el e +elt/)e )

pel
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fory eI and
dim C[D]" = \I!{l +ee 5t/8) ! ( + e(t/4))} + 1—12 e(t/4) |1
with

1
|I| _ 2n+2 + E2(71-1—2)/2 (t/4) (T)
1
|Io] = 2" + € 204D/2 5(¢ /4) (—2 ) .

Proof. First note that e(sign(D)/8) = 72(D) = €ee(t/8). The group I'(4) has 6
cusps s, which can be represented by 1/4,1/2 and a/1 with a = 0, 1,2, 3. Choosing

matrices My as (§9),(39) and (¢ 7') we find
1
inVD(€7>1/4 = E{ev + 6(75/4)6_7}

and

(e = o S0 el aaln— )He + et/ e )

pne(y+D?*)NI
We remark that in the last sum e(— q,(1—7)) = e(qy(u—7)) = £1. For M, = (')
we have {(M;') = ee(5t/8) and ay + D™ = D so that

1
48 2n/2

> ellm)){e" +e(t/4)e ™} .

pel

invp(e?)qn = €ee(5t/8) —

This implies the formula for invp(e”).

Next we calculate the dimension of the fixed point subspace. For v € I we have

(i (e7) ) _1 _1 (t/4) bor=0
invp(e?)is,e”) = + e
1212 0 otherwise

(invp(e7)1/2,€”) =0

(invp(e7)a1,€”) = €e(5t/8) i8 %(1 +e(t/4))

so that

dim C[D]" = (invp(e),e”)

'yEI

|]|{1+ee5t/8) 1+ e(t/4) }+ie(t/4)|fzy

where I, = INDy. The cardinalities of I and I can be determined with Proposition

13 O
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Note that if t = 2 mod 4 and 2y = 0, then invp(e”) = 0. This also follows from

the formula for the action of Z = (_01 o )

Now we consider the case that D is of type 2;724}® with t = 2 mod 4. Then
sign(D) = t mod 8. The set I\I; has cardinality 16 — 4 = 12 and O(D) acts
transitively on it. Let v € I\Iy. For j € Z/4Z we define

M©); ={ne N\ |(n7y) =j/4 mod 1},

Then

4 if j is odd,

| M(7);] = o

2 if j is even.
We have M (7)o = {£~}. There is a unique element y € D** such that q,(u) = 0
mod 1 and (u,v) = 1/2 mod 1. Define o« =+ . Then M(7)s = {xa}. Let

M(y)" = M(y); U {+a} U {+7}

with j € (Z/47)* such that ex4(j) = +1 and
M(v)™ = M(y); U {=a} U {7}
with j € (Z/47Z)* such that exp(j) = —1, where in both cases
1 if t=06 mod 8§,
—1 if t =2 mod 8.

Proposition 3.3.3. Let D be a discriminant form of type 2; 24} with t = 2 mod 4.

Then the subspace of invariants C[D]' is 1-dimensional and spanned by

S ey e

HEM(v)* HEM ()~

where 7y is any element in I\ 1.
Proof. By the previous proposition
1 1
imC[D]" = —(|I| = |L2]) = —(16 —4) = 1.
dim €] = (1]~ |]) = 1(16 — 4

For v € I\ we have

invp(e?) = %{e7 —e 7}
D SR CAVE
pe(y+D?*)NI
Fet/9) 5 S el et
neI\I2

(uy)=%1/4
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The sum is supported on I\, (see Proposition [3.1.6)). We easily check that
) 1
invp(e) = { D = D } -
HEM (y)* neM(v)~

This proves the proposition. ]

The decomposition I\l = M(y)™ U M(y)~ is independent of the choice of
v € I\I. The size of M(y)*isd+1+1=6=12/2.

We remark that every discriminant form D of level 4, exponent 4, order 43 and

signature t = 2 mod 4 is isomorphic to 2;24}2.

Next we consider a discriminant form D of type of type 2;'4¢ 8} with t = 1
mod 2 and € = (%). Then sign(D) =1+ ¢ mod 8. Recall that I = I N Dy.

Proposition 3.3.4. We have |I| = 64 and |14] = 16.
Proof. The partition function of 87 is given by
fsr2 (x) = Z 2890 = 20 4 4(x + 2° + 2° 4+ 27) + 8(2? + 2°) + 1224,
768;}2

where we have chosen q(v) € [0,1). Multiplying this polynomial with the poly-
nomials fy+1(2) = 1+ 2% and fy(z) = 1+ 22" + 2" we can easily derive the first

statement. The second follows analogously. O
Proposition 3.3.5. The group O(D) acts transitively on I\1y.

Proof. Let v € I\1y. Then there is an element 8 € D such that (v, 5) = 1/8 mod 1.
Define u = 8 — a7y, where a = 8q() mod 8. Then (v, 1) is a discriminant form of
type 832, The orthogonal complement (v, )" is a discriminant form of type 22457,
Up to isomorphism there are exactly 4 such forms namely the forms of type 2;“142
with ¢4 odd and ¢4 = (%‘) The signature of such a form is 1 + ¢4 mod 8. Hence,
each element v in I\ I, gives rise to a Jordan decomposition 2] '4¢ 852 This implies

that all elements in I\ are conjugate under O(D). O
Proposition 3.3.6. Let v € I. Then invp(e?) = 0.

Proof. We have 4y = 0 € I+ so that invp(e”) = 0 by Proposition [3.1.7] []
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Proposition 3.3.7. For v € I we have

invp(e?) = e(sign(D)/8) 4i —\/— Z e((p; 7)) (1 — e(4(p, 7))

nel

{e" + e(sign(D) /4)e™"}

Z e(—ay(p — av)) e(}52(1, 7))

NI

1
t8—
+ee(t/8) 18

x\

a€Z/8L pe(a
a=1 mod 2

{e! + e(sign(D)/4)e™ "}
+%% > > e(—aule—ay) e(52 (1))

a€Z/8Z pe(ay+D**)NI
a=1 mod 4

{e" + e(sign(D)/4)e "}
+ % Z xp(a)e™.

a€Z/8Z
a=1 mod 2

Proof. The group I'(8) has 24 cusps.
There are 16 cusps s = a/c € Q, (a,c¢) = 1 with (¢,8) = 1. For such a cusp we
can choose a matrix My = (¢%) € I with d = 0 mod 8. Then b = —¢ mod 8 and

E(M;Y) = (£) e(csign(D)/8) so that

(), = (§) elesian(D)/8) g5 1oz D el 1) (e +elsizn(D)/ e,

pel

There are 4 cusps s = a/c € Q, (a,¢) = 1 with (¢,8) = 2. We can choose a
matrix My = (¢%) € I such that d = 1 mod 16. Then b = ¢(a — 1)/4 mod 8 and
(M) = ee(t/8). Tt follows

invp(e?)s = ee(t/8)

2.

pe(ay+D2*)NI

1
48 47
e(—5 (i — av)) e(L5 2 (7)) {e* + e(sign(D) /4)e #} .

There are 2 cusps s = a/c € Q, (a,c) = 1 with (¢, 8) = 4. We choose a representative

s =a/c with a =1 mod 4. Then there is a matrix My = (2%) € T such that d = 1

mod 32. We find b = ¢(a — 1)/16 mod 8 and (M) = 1 so that

1

48
Yoo el=§aln —am))e(UF2(n 7)) {e" + e(sign(D)/4)e "} .

pe(ay+D**)NI

N —

invp(e”)s =
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Finally, there are 2 cusps s = a/c € Q, (a,¢) = 1 with (¢,8) = 8. We choose a
matrix M, = (2%) € I'. Then a = d mod 8 and (M ') = (%) e((a— 1) sign(D)/8)
so that

1
invp(e?), = (g) e((a— 1)sign(D)/8) 1= {e" + e(sign(D)/4)e ™7} .
Putting the contributions of the cusps together we obtain the given formula. O]

Proposition 3.3.8. Let D be a discriminant form of type 27145 812 with t = 1 mod

2 and e = (}). Then C[D]" is 1-dimensional.

Proof. We have
dim C[D]" =) (invp(e?),e) = > (invp(e?),e?)
vel AV
= Z Z (invp(e7)s, e).
yel\Iy s€D(N)\P

by Proposition [3.3.6] The cusps s = a/c with (c,8) = 1 do not contribute to the
last sum because 1 — e(4(i,y)) = 0 for u = 7. Furthermore, for v € I we have
+7 ¢ ay+ D* because q(x3) = 1/4 mod 1 and analogously +v ¢ a7y + D* because
q(xz4) = 1/2 mod 1. Hence, the only contribution to the last sum comes from the
cusp 1/8. It follows

1
dimC[D]" = Z |I| [a]) = g (64— 16) = 1.

76[\14

This proves the proposition. O

Finally, we show that the generator of C[D]' can be written analogously to

the cases p and 2,24} (see Corollary and Proposition [3.3.3). Fix a Jordan
decomposition 2{'4¢ 8/ with ¢ = 1 mod 2 and e = (%) of D. Let v € I\I;. For
J € Z/87Z we define

M(v); ={peI\ls|(n,7)=7/8 mod 1}.

Then aM(y); = M(7)q; for all a € (Z/8Z)* and

8 if j is odd,
| M (7);] = o
4 if j is even.
We describe the sets M(v); explicitly for even j. We have

M(v)o = {jvlJ € (Z/8Z)"}.
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There is a unique element p € D* such that q,(¢) = 0 mod 1 and (pu,v) = 1/2
mod 1. Define oy = 1 + . Then

M(y)a ={jaslj € (Z/8Z)"}.

Finally, there are exactly two elements pu; € D?*, i = 1,2 such that qy(u;) = t/4
mod 1 and (p;,y) = 1/4 mod 1. Define o; = p; + . Then

M(7)2 = {aq,5aq, 9,500} and  M(7y)s = {31, Taq, 3ag, Tas} .

These statements can be proved by choosing generators of 2?14,? 8}}2

and assuming
that ~ is one of the two isotropic generators of 8} (Recall that by Proposition
the elements in I\, are conjugate under O(D).) We decompose I\I; =

M(y)" U M(y)~ with
M(y)* = U M(v); U U {jou, ja, jau, 57}

JE(Z./8Z)% JE(Z/8L)*
exp(j)=+1 xp(f)=+1
and
M(’y>_ = U M( ) U U {j&laja27ja4’j7}7
JE(Z/8Z)* JE(Z/8Z)*
exp(j)=—1 xp(j)=-1
where

1 if t=50r7 mod8,
—1 ift=1o0r3 modS.

Proposition 3.3.9. Let D be a discriminant form of type 2714583 with t = 1
mod 2 and € = (}). Then C[D]" is spanned by
PN DS
neEM(v)* REM (7)™
where 7 is any element in I\1,.
Proof. Let v € I\I;. We write invp(e?) = > ;cue”. Then ¢, = 0 for p € Iy by
Proposition [3.3.6, Now we consider the individual sums in Proposition [3.3.7. The
first sum extends over (J;(z/s7)« M(7);, the second over M ()2 U M (7)g, the third
over M (7y), and the last sum over M (7)y. For the first sum we find
> el = e(d(p, M) e + e(sign(D) /4)e ™}
S AV

=2 > Y A{e(i/8) +e(sign(D)/4)e(—j/8)}e"

JE(Z/8L)* peM(v);

=2v2 > xoli) D e

je(z/82) pEM(v); i ift=1 mod4

1 if t=3 mod 4,
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so that

e(sign(D >/8>}7 > el ) — el ){e" + elsign(D)/4)e ™}
neI\Iy
—e Y wl) X e

J€(Z/82)% HEM (7);
We calculate the second sum as

e(t/8) > > e(—ay(p—ar))e(54(17))

a€Z/8Z pe(ay+D?*)NI
a=1 mod 2
{e! + e(sign(D)/4)e "}

=ee(t/8) > Y {e((1—a)/8)e(—qy(p— ay))+

HEM (Y)2 a€(Z/8Z)*
e(sign(D)/4)e(3(1 — )/8)6(— Qo(—p — a))}e”
+ee(t/8) Z Z {e(3(1 /8)e(— qo(p — av))+

HEM(v)s aE(Z/SZ)%

e(sign(D)/4)e((1 — a)/8)e(— dx(—p — ay)) te*
24\/5{ Z §) e + Z xp(J 63%}

JE(Z/8T)* J€(Z/8T)*

Finally, we consider the third sum. We easily see that

> > e(—ay(i— 7)) (52 (1, 7)) {e” + e(sign(D) /4)e "}

a€Z/8Z pe(ay+D*)N(I\14)
a=1 mod 4

=2 > xo()e".

JE(Z/8L)>
Putting these contributions together we get
invp(e?) = ! Z et — Z et s
48
uEM ()t pEM (v)~
This proves the proposition. O

Note that the decomposition I\ Iy = M (y)TUM ()~ is independent of the choice
of v because C[D]" is 1-dimensional. The sets M (y)* have size 2-8 +2-4 =24 =
48/2.

We remark that every discriminant form D of level 8, exponent 8, order 8 and

even signature 1 +¢ mod 8 is isomorphic to 2/'4¢87* with ¢ = (%)
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3.4 Main theorem on invariants

In this section we prove the main result of this chapter. We define fundamental

invariants and show that each invariant is induced from these invariants.

As explained in the introduction we can restrict to p-adic discriminant forms.
We take another look at the isotropic lifts and show some results similar to those in
section relevant for invariants. Let D be a discriminant form of level p', where

p is a prime and even signature. For v € D we define
a(p,vy) = |{H C v is an isotropic subgroup of D with |H| = p}|.

Recall Lemma that gave a sufficient condition for an element ¢” € C[D] to

be a linear combination of isotropic lifts. We now have

Proposition 3.4.1. Let v € I\{0}. Then v+ contains an isotropic subgroup iso-
morphic to (Z/pZ)? if and only if a(p,v) > 1.

Proof. Let 7 be of order n. Then (n/p)y generates an isotropic subgroup of order p
in v+ Since a(p,v) > 1, there is another isotropic subgroup of order p in 4. Both
groups together generate an isotropic subgroup isomorphic to (Z/pZ)? in v*. O

Now we have to distinguish between even and odd primes.

Proposition 3.4.2. Let D be a discriminant form of level p', where p is an odd
prime. Let vy € I be of order p. If a(p,v) = 1, then invp(e?) = invp(e®) or D is of
1y 43

type p% with € = (_—), P

—4
or .
» p

Proof. First we consider the case v ¢ DP. We show that (v)*/(v) contains no non-
trivial isotropic elements. Suppose u + () € (y)*/(y) with pu ¢ (v) is isotropic.
Then u € (y)* is isotropic and a(p,v) = 1 implies (n/p)u € (), where n is the
order of u. Since v ¢ DP, we conclude p € (v). It follows that (y)*/(v) is of
type 0, p*! or p=2 with € = (_71) If (y)+/{y) = 0, then |D| = p? so that D is
isomorphic to ¢t with ¢ = p? or to p2. The first case contradicts v ¢ DP. Hence,
D is isomorphic to p. If {(y)+/(y) = p*!, then |D| = p* and D must be of type
p3. For (v)1/(7) =2 p~ we find D = p~2.

Now let v € DP. We choose a Jordan decomposition of D and write D = A & B,
where A denotes the sum over the irreducible components of order p and B # 0 the
sum over the remaining components. Then v € BP. Recall that B? is the orthogonal
complement of B,. Since B, is isotropic and a(p,y) = 1, we can conclude B, = (7),
i.e. B, is cyclic. This implies that B is cyclic. Let B = ¢*'. Then v = (¢/p)3 for
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some generator 5 of B. An isotropic element in D is of the form u+mp with p € A

and p|m. Since
(v, 1+ mp) = (¢/p)m(B,8) =0 mod 1,
this implies v € I*. Hence, invp(e?) = invp(e®) by Proposition [3.1.5] O

We continue with the case p = 2. We will use Lemma [2.3.13] in the following

three propositions.

Proposition 3.4.3. Let D be a discriminant form of level 2 such that xp is trivial.
Let v € I be of order 2. If a(2,7) = 1, then invp(e?) = invp(e®) or D is of type
257 or 25

Proof. Note that the condition on yp implies that |D| is a square and sign(D) = 0
mod 4.

First we consider the case v ¢ D?. The discriminant form (y)*/(y) has the same
signature and square class as D and contains no non-trivial isotropic elements.
Hence, (7)*/(y) is isomorphic to 0 or 2% If (y)*/(y) =2 0, then |D| = 22 and D
contains a non-trivial isotropic element of order 2. This implies D = 23> or D = 252
In the latter case C[D]" is spanned by invp(e?) = invp(e®) (cf. Proposition [3.3.1]).
If (v)1/(v) = 2,7, then D has order 16 and signature 4 mod 8. The discriminant

forms of order 16 and signature 4 mod 8 are
4727 2

In the first case the isotropic elements are multiples of 2. In the case 2]* the space
C[D]" is trivial so that invp(e?) = invp(e) = 0 (cf. Proposition [3.3.1)).

Next we assume that v € D?. We choose a Jordan decomposition of D and write
D = A& B, where A denotes the sum over the irreducible components of exponent
2 and B # 0 the sum over the remaining components. Then v € B2 The group
B? is the orthogonal complement of B, C B?, but in general B, is not isotropic.
If B, is isotropic, we can argue exactly as in the proof of the previous proposition.
Suppose B is not isotropic. Since a(2,7) = 1, the only non-trivial isotropic element
in B, is 7. Hence, the discriminant form B must be of type 47 or 45 ¢;"! with 8|¢.
In the latter case we can choose a generator 3 of ¢! such that v = (¢/2)B. Then
v € I so that invp(e?) = invp(e®) by Proposition Suppose B is of type 4;2,
We choose orthogonal generators (1, 32 of B. Then v = 23; + 23, and any isotropic
element in D is of the form p + myf8; + mofy with € A and 2 |(my + my). Now

(7, b+ mafy +mafs) = 2my (B, Br) + 2ma(B2, B2) =0 mod 1,

implies v € I+ so that again invp(e?) = invp(e®) by Proposition m O
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Proposition 3.4.4. Let D be a discriminant form of level 2' and even signature
such that xp 1is non-trivial and |D| is a square. Let v € I be of order 4. If
a(2,7) = 1, then invp(e?) =0 or D is of type 2,24} with t = 2 mod 4.

Proof. Since xp is non-trivial and |D| is a square, we have sign(D) = 2 mod 4.

First we consider the case v ¢ D?. The discriminant form (v)-/(v) has the same
signature and square class as D and contains no non-trivial isotropic elements.
Hence, it is isomorphic to 22 with ¢ = 2 mod 4. It follows that D has order 64.
The discriminant forms of order 64 and signature 2 mod 4 containing elements of

order 4 are

+1lqn+tl +1qp%1 +2

2,732, 4,716, 877,
+3q+1 +2 442 +2 442
25 8t ’ 23 4t ’ 2[[ 4t )

+2 (2
28 41]

with suitable s, ¢ and signs. For the discriminant forms of type 27132, 4F1167!
and 822 the isotropic elements of order 4 are multiples of 2. For the discriminant
forms of type 253851, 27242 and 2724F? any isotropic element p of order 4 satisfies
2i € I+ so that invp(e*) = 0 by Proposition m Finally, 252432 = 2,72412 for
some ¢t with t = 2 mod 4.

Now suppose v € D?. As above, we choose a Jordan decomposition of D and write
D = A& B, where A denotes the sum over the irreducible components of exponent
dividing 4 and B # 0 the sum over the remaining components. Then 7 is orthogonal
to Bsy. Since By is isotropic and a(2,7) = 1, we have By = (2v). Hence, B is cyclic.
We can choose a generator 3 of B = ¢;*! such that v = 2a+ (¢/4)3 for some a € A.

An isotropic element in D is of the form p+ mp with u € A and 2| m. Now

(27, p+mpB) = (g/2)m(B,8) =0 mod 1
so that 2y € I+. Hence, invp(e?) = 0 by Proposition O

Proposition 3.4.5. Let D be a discriminant form of level 2' and even signature
such that |D| is not a square. Let v € I be of order 8. If a(2,7) = 1, then

invp(e?) =0 or D is of type 245852 with t =1 mod 2 and € = (%)

Proof. As before we consider first the case that v ¢ D? The discriminant form
(v)*/(~) has the same signature and square class as D and contains no non-trivial
isotropic elements. Hence, (7)*/(7) is of type 25'4;!. It follows that D has order

512. The discriminant forms of order 512 and even signature containing elements
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of order 8 are

2125651 4111285 8Fle4F! 2F364 !
1671327, 277247182, 23745132, 2,78 1167,
252816, 25142167, 271457167, 270165,
2ELAEISER, oIS A, 2t

+4 +1g+1
2[[ 43 8t

with suitable s, t and signs. In the discriminant forms 251256 and 41128 the
isotropic elements of order 8 are multiples of 2 contradicting our assumption on ~.

The discriminant forms

85164, 165132, 27287116,
2816, 254565, 250167,

+3q+1 +4 ,+1q+1 +4 4+1g+1
45 8t 72r 43 8t 721143 8t

contain no isotropic elements of order 8 so D cannot be isomorphic to any of them.
If D is of type

253641 ok24F1goRl gr2Elgokl

271477167, 2714718,

T

then any isotropic element j of order 8 in D satisfies 4 € I+ so that invp(e#) =0
by Proposition m Finally, 251451872 > 214¢872 for some ¢ with ¢ = 1 mod 2
and e = ().
Now suppose v € D% Again we choose a Jordan decomposition of D and write
D = A® B, where A denotes the sum over the irreducible components of exponent
dividing 8 and B # 0 the sum over the remaining components. Then ~ is orthogonal
to By. Since Bs is isotropic, we have By = (4v). Hence, B is cyclic. We choose a
generator 3 of B 2 ¢! such that v = 2a + (¢/8)3 for some a € A. An isotropic

element in D is of the form p + mpg with yp € A and 2| m. Since

4y, p+mpB) = (¢/2)m(B,8) =0 mod 1,
this implies 4y € I*+. Hence, invp(e?) = 0 by Proposition m O
The above discriminant forms, with the exception of p? and 2%, play an im-

portant role in our main result. We summarize some of their properties. First let p

be an odd prime.
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D | square class | signature invariant

0 square 0 mod 8 el
p~t| square 4mod8 | (p—1)e” =3 )€
p? | non-square | 0 mod2 |7 e’ =30 €l

The case p = 2 is more complicated.

D square class signature invariant
0 square 0 mod 8 el
2, square 4 mod 8 =3 eme
2,242 square t=2mod4d |> €= cpy-€
27145 857 | mon-square [1+t=0mod2 | Y e’ = €

In all these cases C[D]" is 1-dimensional. We wrote M for the set of isotropic
elements whose order is equal to the level of D. In the indicated cases M has a
canonical decomposition M = M U M~. We denote the above discriminant forms
as Dy,
the subspace of invariants as ;"

where x is the square class and s the signature of D and the generator of

Theorem 3.4.6. Let D be a discriminant form of even signature s, square class x

and level p', where p is a prime. Then the invariants of the Weil representation on

g8
p
D such that H+/H is isomorphic to the discriminant form Dy,

C[D] are generated by the invariants 15 (i%°), where H is an isotropic subgroup of

Proof. Recall that the invariants invp(e?), v € I generate C[D]''. Let v € I. We

will show below that at least one of the following statements applies:
i) D is a fundamental discriminant form,

ii) invp(e?) is induced from smaller discriminant forms of the same signature and
square class as D, i.e. invp(e?) is a linear combination of lifts of invariants for
suitable isotropic subgroups of D,

iii) invp(e?) = 0.

Then the theorem follows by induction over the order of D: If |D| = 1, the dis-

criminant form is fundamental. Let |D| > 1. If D is fundamental, there is nothing
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to prove. Suppose D is not fundamental. Let v € I. If invp(e?) # 0, then it is
a linear combination of invariants which are lifts of invariants on smaller discrim-
inant forms. The induction hypothesis implies that the invariants on the smaller
discriminant forms are induced from the fundamental invariant corresponding to D.
By the transitivity of the isotropic lift (see Proposition invp(eY) is a linear
combination of lifts of the fundamental invariant on isotropic subgroups of D. This
finishes the induction.

Now we prove that at least one of the above three statements holds. We assume that
D is non-trivial. If D contains no non-trivial isotropic elements, then invp(e?) =0
for all v € D. We now assume that I # {0}. Let v € I. Then

invp(e?) = pp(J)invp(e®) = invp(pp(J)e?) = elsign(D)/8) ZinvD(eﬁ)

V ‘D’ Berl

so that it suffices to consider v € I\{0}.
We define m = p if p is odd and

2 if |D| is a square and sign(D) = 0 mod 4,
m =4 4 if |D| is a square and sign(D) = 2 mod 4,
8 if |D| is a non-square

for p = 2.
First we consider the case that v ¢ D,,. Let n be the order of v and H = (7),.
Then for all v =", vge’ € C[D]" we have

(0,1 (Vg (€)= (v, ivp(ty (€F)) = Y (v, invp (7))

neH
p— f— f— = == ] ’y
= E Uy = E Vgy = g xp(a)vy = pv, = p(v,invp(e?))
neH a€Z/nZ a€Z/nZ
a=1mod n/p a=1mod n/p

because m | 2 so that

1
invp(e) = = 1 (invyL u(e*)).
p

Next we consider the case v € D,,\{0}. If €7 is a linear combination of isotropic lifts
for suitable isotropic subgroups, then the same holds for invp(e?) because isotropic
induction and inv commute. We assume that e” is not a linear combination of
isotropic lifts. Then a(p,v) = 1 by Lemma and Proposition [3.4.1]

Suppose xp is trivial. Then m = p and invp(e?) = invp(e®) or D is of type p with
€= (_71) or p~4 if p is odd or of type 2}}2 or 21_14 if p = 2 (see Propositions and
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3.4.3). We go through the possible cases. If invp(e?) = invp(e), define H = (v).
Then for all v =37, vge” € C[D]" we have

(0,15 (vge (@) =D vs=m+ D v =vo+ (=1,
BeH a€(Z/pZ)*

= (v,invp(e®)) + (p — 1){v,invp(e?)) = pv,invp(e?))

by Proposition so that invp(e?) = % 1D (ianL/H(e(”H)). If D is of type
p with € = (_71), then C[D]" is generated by the characteristic functions of the
2 maximal isotropic subgroups (see the example after Theorem . The same
analysis holds for D of type 23,2, The cases p~* and 2;;* correspond to fundamental
discriminant forms.

Finally, we assume that yp is non-trivial. If m = p is odd, then invp(e?) =
invp(e) = 0 or D is of type p™ (see Propositions and . Suppose
m = 4. Then sign(D) = 2 mod 4. If 2y = 0, then v, = xp(3)vs, = —v, = 0 for
all v = > 5 p vge? € C[D]' which implies invp(e¥) = 0. If v has order 4, then
invp(e?) = 0 or D is of type 2,24} (see Proposition . The case m = 8 is

analogous and uses Proposition |3.4.5] O]

A few comments are in order. It is possible that more than one of the conditions
i), i) and iii) applies (see e.g. Proposition [3.3.6). A consequence of the theorem is
that the invariants are defined over Z. A more direct proof of this fact is given in
[24]. The theorem extends Theorem 4.11 in [50] to p = 2.

We describe some examples. Let p be an odd prime and D a discriminant form
of even signature. If |[D| = p, then D is not fundamental and dim(C[D]") = 0.
Suppose |D| = p?. Then D is not fundamental and there are three possibilities.
If D has level p and is anisotropic, then dim(C[D]") = 0. If D has level p and
is isotropic, then D has two non-trivial isotropic subgroups H; of order p with
fundamental quotients H;*/H; = 0. They generate C[D]" which has dimension
2. If D has level p?, then D has a unique non-trivial isotropic subgroup H with
fundamental quotient H+/H = 0. It follows dim(C[D]") = 1. Finally, let |D| = p>.
We only consider the case that D has level p. Then D is fundamental. Nevertheless
D has non-trivial isotropic subgroups H; of order p. Here the quotients H;-/H; have

order p so that no non-trivial invariants can be induced from them.

Corollary 3.4.7. Let D be a discriminant form of even signature s, square class x

and level p', where p is a prime. Suppose |D| < |D%*|. Then dim C[D]" = 0.

Proof. If there were non-trivial invariants in C[D], they would be induced from D3*.

But this is impossible. O
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3.5 Applications

The above results have several applications. For example, the dimension of the
space of weight-2 cusp forms transforming under the Weil representation has con-
tributions coming from the invariants. Furthermore, the theta expansion gives an
isomorphism between modular forms for the Weil representation and Jacobi forms
of lattice index. The invariants of the Weil representation can be used to give sim-
ple generating sets for Jacobi forms of singular weight. Another example comes
from orthogonal modular forms. Borcherds’ additive theta lift (Theorem 14.3 in
[7]) maps the invariants of the Weil representation to orthogonal modular forms of
singular weight. This allows to study orthogonal modular forms of singular weight
with a special boundary behaviour. We will describe the first two examples in more
detail.

A dimension formula for cusp forms of weight 2

Let D be a discriminant form of level p, where p is a prime. We give an explicit
formula for the dimension of the space So(D) of cusp forms of weight 2 for the Weil

representation pp.

Let p be a finite-dimensional representation of SLy(Z) with finite image. Then
the dimension of the space of modular forms for p of weight at least 2 can be
determined by means of the Selberg trace formula or the Riemann-Roch theorem
(see e.g. [65], [9] and [31]). In weight 2 there is a contribution coming from the

invariants of p. We will follow Freitag’s approach [31].

Let D be a discriminant form of prime level. We assume that D is of type p
with n even. The argument for odd n is similar. Then sign(D) = 0 mod 4 so that
Z acts as pp(Z)e? = e~ 7. The space V' C C[D] spanned by the elements €7 + e,
v € D is invariant under pp. Let p be the restriction of pp to V and d = dim(V).
For a complex d x d-matrix M of finite order with eigenvalues e(z;), 0 < x; < 1
define

a(M) = Z:ci,

in particular

d (M) i =]

o 4 4 ’
a pr—

= Reltr(M ™))+ o= Tm(ax(M 1) if MO = 1.
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Then the dimension of Sy(D) is given by

dim Sy(D) = g +d—ale(1/2)p(=J)) — a((e(1/3)p(=JT)) ") — a(p(T))
— {y € D/{#£1}|q(7) = 0 mod 1}| + dim C[D]"

(see Theorem 6.1 in [31]). We can evaluate this expression using Theorem |3.2.3]

Theorem 3.5.1. Let D be a discriminant form of prime level p and type p™ with
n even. Then dimSy(D) =0 if p < 3 and

. " +5 n—l “I\"?p—5 -1
dlmSQ(D):p24 _p4 _€<_> p4 " 2)/2+p

if p> 3.

Proof. Since I'(p) acts trivial in the Weil representation pp, the components of an
element in Sy(D) are cusp forms for I'(p). The spaces Sa(I'(p)) are trivial for p < 3
so that dim Sy(D) = 0 in these cases. Suppose p > 3. Clearly

pr—1 pr+1
d= 1=
2 + 2
Proposition [I.1.1] implies
N pen70 . 1
{7 € D/{£1}| aly) = 0 mod 1}| = <+ o
n—1 n/2
_ “LNT P L ey
o2 +E( p ) g
and
p—1 ]
a(p(T)) = ]_)|{7 € D/{£1} | q(7) = j/p mod 1}]
7=0
1~ e
=52 Nw™.i/p)
— D
7=1
n/2
— ZLl n—1 _ __1 (n—2)/2
R 6( p > )

Since e(1/2)p(—J) has order 2, we can apply the above formula in order to calculate
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ale(1/2)p(—J)). For the trace of e(1/2)p(—J) we find

tMMﬂMFﬂ%?&%;MnMﬁ+€Wﬁ+KU
:—dﬂﬁﬁ?wng;d4@wWWwﬁmuw7>
- “ﬁ%/gggﬂq (~24())
:ﬂﬂ?fwmmmmmw”
.

where we used Milgram’s formula to evaluate the last sum. Hence,

ale(1/2)p(—J)) = g ~ tr(e(l/i)ﬂ(—n])) _ p"; 3

Similarly, we find

- Pt +3
a((e(1/3)p(=JT))™") = e
Finally, dim C[D]" is given in Theorem [3.2.3, Putting all the contributions together

we obtain the desired formula for the dimension of Sy(D). O

Jacobi forms of singular weight

The space of Jacobi forms Jj 1, of lattice index L and singular weight k& = rk(L)/2,

Mpy(Z) .

is naturally isomorphic to the space of invariants C[L'/L] This allows us to

write down a generating set for this space.

Jacobi forms of lattice index are natural generalizations of Jacobi forms in one
variable [28]. They were introduced by Gritsenko [35]. Classical examples are Jacobi
theta functions. We recall the definition of Jacobi forms of lattice index and describe

some of their properties (cf. e.g. [66], [30]).

Let L be a positive-definite even lattice of rank n. Then Mp,(Z) acts from the
right on the pairs (A, ) € L x L. The corresponding semidirect product J, =
Mp,(Z) x (L x L) is the Jacobi group of lattice index L. Recall that the product

of two elements in Jy, is given by

(<Ml’w1(7—))7 ()‘17 :ul)) ((M2= w2(7—>>7 (/\27 N2>)
= (M My, (Myr)n (7)), (M 1) M + (Vo j12)) -
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We identify Mp,(Z) with the subgroup Mp,(Z) x (0x 0) and L x L with 1 x (L x L).
Now let k € %Z. We define an action of the Jacobi group Jp on the functions
¢:Hx (L®zC)— C by

¢|k[<M,w>]<r,z>:¢<MT : )Mﬂzke(—czz/z)

"er+d ct +d
OlelX (1, 2) = ¢ (1,2 + AT+ ) e (TA?/2+ (A, 2))

where M = (25) € SLy(Z), A\, pu € L. A Jacobi form of weight k and index L is a
holomorphic function ¢ : H x (L ®z C) — C which is invariant under the action of

Jr, and possesses a Fourier expansion of the form

o(r,2) = D clm,a)e(mr +(a,2)).
meZ,acl’
m>(0,0)/2
We denote the space of Jacobi forms of weight k£ and lattice index L by Jy . A

Jacobi form ¢ € J; 1 has a unique theta expansion

¢<Z7T): Z 197(Z7T)f7(7)7

vyeL'/L

where

(7, 2) = Z e(T(a, ) /2 + (o, 2))

aey+L
is the Jacobi theta function of the coset v + L and f(7) = >_ o1/ [5(7)e7 is a

modular form for the dual Weil representation p,,;, of L'/L. We obtain a map
Jer — Mk—n/2<L//L)a

which is actually an isomorphism. This implies that Jj f, is trivial for & < n/2. The

weight k& = n/2 is called singular weight. In this case we have an isomorphism

@[L//L]Mpz(z) fr, Jnjo.L

Z vye) — Z VU

~eL!/L veL'/L

(cf. also Theorem 5 in [66]). Hence, J,/o 1, is trivial for odd n. For even n we can
generate J, /o1 by relatively few functions. Note that the space of invariants for
pryr is identical to the space of invariants for pr//z, since by Theorem it has
a basis consisting of elements with coefficients in Z. Applying Theorem [3.4.6] we

obtain:
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Theorem 3.5.2. Let L be a positive-definite even lattice of rank n and level N.
Suppose n is even. For p| N we denote the square class and the signature of the
p-adic component of L' /L by x, resp. s,. Let L be the set of all overlattices M O L
such that the p-adic component of M'/M s isomorphic to D" for all p| N. Then

Jn/Q,L = Z C( Z U’y,ﬁM,’\/)7
MeL ~yeM' /M

where 7y pg 47 € C[M'/M]32") js the invariant corresponding to the product

Tp,Sp
Hp|NZp :

Proof. For M € L we have L C M C M’ C L' and M/L is an isotropic subgroup
of L'/L. Let v =Y 1y v4€" € CIM' /M%), Then

L'/L L'/L
e @)= D et (@)= 3 vwar 3 @

yeEM' /M n+MeM’ /M BeM/L

so that

oLl @) = D v Y Viges

n+MeM' /M BEM/L

= Z (I Z Z (a,a)/2 + (o, 2))
n+MeM'/M BEM/L aen+p+L

= Z Upt M Z T(o, ) /24 (o, 2))
n+MeM’'/M aen+M

- % s
~yeM' /M

= om(v)

because
n+ |J B+L)=n+M.

BeEM/L
Hence, the diagram
C[L/LP"®) — Joas

B |

CIM' /M= ®) 2 oo

commutes. The assertion now follows from Theorem [3.4.6 O



Chapter 4

The basis problem for the Weil

representation

In this chapter we will show that for a discriminant form D of even signature
sign(D) = m mod 8 (m € Z-o) and an integer k > m/2 the space of cusp forms
Sk(D) is generated by the theta series in the genus II,, o(D) when m is sufficiently
large compared to the p-ranks of D.

This chapter is based on the preprint [51].

4.1 Vector-valued Hecke operators

First, we want to define vector-valued Hecke operators. They were introduced by
Bruinier and Stein in [14] and naturally appear when we later use the doubling
method. We will study some of their properties and describe their kernel functions.

Let D be a discriminant form of even signature and level N. We define Hecke
operators T'(I?) acting on My(D) (see [T4]). In order to do so we extend the right
action given by the inverse of the Weil representation to certain matrices in Mats(Z).

Let [ be a non-negative integer and a = (45 9) € Maty(Z). We define
ppla)~ter =€,
For any 0 = AaB € I'al’ we put
pp(0)~te" = pp(B™Y)pp(a) " pp(A7H)e.
It is shown in [14] that pp(d)~! is well-defined and that

pp(AdB)~'e" = pp(B) " pp(8) ™ pp(A)~'e” = pp(B~)pp(6) " pp(A™)e

104
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for all 6 € I'al’ and A, B € T'. Furthermore, g = ((1) l%) € I'al', in fact § = —JaJ

and

pp(B) e =) e

The element [ satisfies

When (I, N) = 1, we find that for § € I'al’

pp(8) ™ = xp(1)pp(8) ™" = xp(1)pp (s

where § € T is any representative of [7'0 € SLy(Z/NZ). The following lemma is
well-known (see e.g. [30, Hilfssatz 1V.1.12|)

Y, (4.1.1)

Lemma 4.1.1. Forl,m € Z with (I,m) # (0,0) we have the equality

I 0 b
r ( ) = { (a ) € Mats(Z) | ad — be = Im, ged(a, b, ¢, d) = gcd(l,m)} .
0 m c d

We will sometimes, when convenient, simply write (-, -) for ged(-, -). Denote by

b
M, :=Tal = { (a d) € Maty(Z) | ad — be = 1%, ged(a, b, ¢, d) = 1} :
C
Now let
M, =Tal = T4

be a disjoint right coset decomposition. We define the Hecke operator T'(I) on
modular forms f € My(D) by

T(P)f =152 Z pp(6:) " fl6].

Then

Theorem 4.1.2 (Theorem 5.6, [14]). For any positive integer I, the Hecke operator
T(I%) is a linear operator on My (D) taking cusp forms to cusp forms. It is self-
adjoint with respect to the Petersson scalar product. Moreover, if [, m are coprime,
then
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The operators T'(1*) with [ coprime to N behave analogously to the classical

Hecke operators for SLy(Z).

Proposition 4.1.3. The algebra generated by all Hecke operators T (1%) with (I, N) =
1 is a commutative algebra of self-adjoint operators. Hence, there exists a basis of
Sk(D) consisting of simultaneous eigenforms for it. Let f be a simultaneous eigen-

form with eigenvalues N(I1?). The L-series

= AP
L(f,s) = Z gs )
(L)1

converges for Re(s) > k and has an Euler-product

(1= xp(PP* )1+ xp(p)p" ')

L(f7 S) = Ml_]g 1 — (/\<p2) + XD(p)(l _ p)pk—2)p—s +p2k—2—28'

Proof. Let (I, N) =1 and M, = {M = (2}) € Maty(Z) | det(M) = (2}. We define

operators T'(I%) by
T@E) =123 po(d) " FIsl0],
ser\M,
where pp(6)~" acts as xp(D)pp(d~1) and § € T is any representative of [71§ €
SLy(Z/N7Z). By equation this extends the previously defined action of M;.

Clearly

— l
My =) 5 M,
djl
so that
0712 l [ 2 2
T(l )ZZXD a 1 T(d),
djl

which implies T'(p*") = T(p*") — xp(p)pF 2T (p2"~D) for a prime p. Therefore, the
operators T(12) and T(I2) generate the same algebra of operators. Furthermore, as

in the classical scalar case, we can show that for r > 2 we have

T(p™) = T )T (p*) — xp(p)p™) — p* 2T (p*"?) (4.1.2)

and so this algebra is a commutative algebra of self-adjoint operators. (More details
of this Hecke algebra can be found in [48].) This implies that Sg(D) has a basis
consisting of simultaneous eigenforms. Let f be an eigenform with eigenvalues (/%)
for T(12) and A(I2) for T(I?). We define

L(f,s) = Z le)

ls
=1
(I,N)=1
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Then we have

ptN r=0 p
. (29@wﬁm@ﬁ2§:m?)
ptN \7=0 p r=0 p
=@ =X ) (Z MZZ”)
N r=0 p
= L(f,8) [J(1 = xo()p* )
PIN

The convergence of the latter product is clear for Re(s) > k, as it the reciprocal
of a Dirichlet series. We want to deduce the convergence of Z( f,s) from the scalar
situation. Let v € D be of order n and x : (Z/nZ)* — C* a character. Define

Uyx = Z x(z)~'e.
x€(Z/nZ)*

Let R, € SLy(Z) be any preimage of (" 0) € SLy(Z/NZ). Then
{Ru(5%) | ad = 2,0 < b < d)
is a system of representatives for I’\]\Z, but also for
T(N)\{M € Maty(Z) | det(M) =1*, M = (} %) mod N}.
Using this system of representatives we compute

(T() frvn) = X T E)(frvy0),

where TV V) (12) is the standard Hecke operator on S,(I'(N)) (cf. |71, Theorem 31
(ii)]). Since the elements of the form v, , generate C[D], we find a pair (7, x) such
that

g = <f7 U%X) 7£ 0

and g € S,(T'(N)) is a simultaneous eigenform with eigenvalues x(I)A(I%). Now the
convergence of L(f, s) follows from the scalar case (see for example [57]). Again we

write

5 i
ls
(1= PN 7=0

00 X 2r
o Pl

p
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From (4.1.2) we obtain

OOXQT‘
Z(p)

o prs
A(p? N B > \(pr-D 2 \(p2(r—2)
=1 2 Gty vt Y A e S AT
b r=2 p r=2 p
3\/ 2) — k—1 ° X 2r 0 3\/ 2r
— 1_|_XD(p)pk‘ 1 8+ (p) Xsl)(p>p Z (]Zs) ka—Q—QS Z (ZZ‘S )7
p r=0 p r=0 p
which implies
i X(pQT) _ 1+ XD(p)pkflfs
= P71 =(A@?) —xp(p)pt e+ R
The theorem now follows from X(pQ) = \p?) + xp(p)p"2. =

We also want to study the behaviour of the Hecke operator T'(p*") for p | N and
r € Zsp. Let x € Q/Z with Nz = 0 mod 1. Then

Xa ((23)) = e(bx)

is a character on I';(N). For p | N and r € Zso we define an operator T%(p*") :
Mk’(rl (N)v szrz) — Mk(F1<N)7 XJ:) by

p2r71

T (™) f = p™* 7 ) e(=ba) flk [(6,5)] -

b=0
It is not difficult to verify that this is well-defined.

Proposition 4.1.4. Let D be a discriminant form of even signature, p a prime and
r>1. Let f € Mg(D) and v € D with v & DP and if p =2, also v & D*. Then

(T(™)f,e7) = T ){f, ).

Proof. A system of representatives d; of the right coset decomposition of M, is

given by

b
{(Ss,b: (1; p2r—s> }O§s§2r,0§b<p2“8 and (b,p):11f0<3<27“}

so that
2r—1p?T—5—1

(T ) f.e") =p™ " (pp(a) ™" flu]e] Ty Z P (050) " fle[0s), €7)
OO
p2r71

+p™ 7Y (p(G0s) " Flild0s], €7)-

b=0
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Recall that

pp(B)71e =Y e

neD
P p=y

and so

(pp(a)” ' flelal,€”) = (flklel, pp(B)'e?) =0

because v € DP. For a given s < 2r and b, there exist x,y € Z such that zb—yp® = 1.

Hence, we can write

p> b\ [0 1 p” 0\ [z y
0 p2r—s -1 p2r—sx 0 1 p* b ’

Let 0 < s < 2r. Similar to s = 2r, using the explicit formula (1.2.1]) for the action

of an arbitrary element in the Weil representation we obtain

(p0(0s) " fli[0s), €7) = (flr[0s (2 et ))on(B) " on(( 5 1))e7)

because of the following reasoning: Suppose that p™y = by + u for some 7/ € D. If
p is odd, then D?* = DP" and u = p*y/. But then also

b’}/ — p(pr—l,yl _ ps—lﬂl)‘

Since (b,p) = 1, this contradicts v ¢ DP. If p = 2, first consider s = 1. Then
by = 2"y — u € D** because D?** is a coset of D?. It is not difficult to see that then
also v € D?* because b is odd. If s > 1, recall that D2"* ¢ D* . Hence, u = 25 1//
and by = 2(2" 1y — 25721/) € D? and since b is odd, also v € D%

Finally, o, = 8 (3 %) implies

<pD(60,b)_1f|50,b7 eﬁ/> = <f|5o,b’pD(O‘)_1pD( (1) ?>)€7>
= e(=ba(7)) (s, ")

Therefore, we find

p2r_l

(TE*)f.e) = p™72 Y e(=ba()(f, e ") klbos].

b=0
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Let v,u € D and p be a prime. We call the projection of v to the p-adic
component of D the p-adic component of v. For a finite set of primes P denote by
7% € D the element whose p-adic components are equal to those of u for all p € P
and equal to those of « for all other p. For example vy = v and v, = p if P contains
all primes p | N. For a € Z we have avph = (ay)p'. We define

Uy, P = Z(_l)‘s‘evg-
scp

Then we have

Corollary 4.1.5. Let D be a discriminant form of even signature, P a finite set
of prime numbers and v, € D. Assume that (Hpepp) (v—mn) =0, qv) =
q(p) mod 1 and for all p € P assume v, & DP and if 2 € P, also vy, u & D*. Let
s € C and f € S(D) and assume that

oo T 2r
(% "5)

converges. Then

T1 (Z M) Frtmge) = (o).

rs
peP \r=0 p

Proof. We prove the statement by induction on |P|: Note that for P = () there is
nothing to prove.

So let |P| > 1 and assume that the assertion holds for all sets smaller than P. Let
p € P. We have

Yy P = Uy PN} — Uyfy P}

The pairs (7, M?p}) and (7{”]0}, ) satisfy the conditions of the corollary for the set of
primes P \ {p} and so by the induction hypothesis we have

( Q}(z%%w (f, Oyp).

In fact, all elements of the form ~4 for S C P satisfy the conditions of Proposition
with q(7%) = q(y) = q(p) mod 1. Hence, we have for r > 1

<T(p2r)f7 U'y,u'{yp},P\{p}> (p )(fa Upr ~¥,p" M o} P\{p}> and
<T(p2r)fa %fp},u,P\{p}> (p ){(fv Upr Vipy P M,P\{p}>'
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Furthermore, py = pvfp} and pu = pu?p}, so that the right-hand sides are equal,
thus

{ (Z T;]Zsr)) fyvy,p)

r=0
o0 T(pQT
f UWH P (Z T‘S ) ’ 7“{ P P\{p} ,U%LIJ}"U"P\{IJ}>

r=

1
a(y) p2r

ZOO T
fv'yuP +
r=1 p

= (f,vyupP)-

vy iy PP T vprv?p},prmp\{pﬁ

]
Finally, we want to find a kernel function for the Hecke operators. We will need

Lemma 4.1.6. Let k> 2 and z € H. Then for x € Q

(e}

Z e(nz)(z +n)~F = k ' Z 7k

n=-—00 rel—x
r>0

Proof. The case x € Z is well-known (see e.g. [49, (7.1.9)]). For z = £ with (p,q) = 1

write

o) q—1 (o)
Z e(nz)(z+n)" = Z Z e((m+ qn)z)(z +m 4+ qn)~*
n=-—oo m=0 n=—oco
! 1 — Z+m -k
= e(mx)— +n .

Applying the equation for x € Z with z replaced by ™ we get

1
q
{ if r = —p mod q
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For | € Z~( we define functions w; : H x H — C[D] ® C[D] by

—1
1 a b
" (1) v v
') Z Z (czz' +az +dz' + b)* Fp ((C d>> o)

v€D a,b,c,dEZ
ad—bc=I?
(a,b,c,d)=1

These are cusp forms of weight & for the Weil representation in both z and 2z’.
Finally, we also define (-,-) : C[D] x (C[D] ® C[D]) — C[D] by

(v, wRu) = (v,w)-u

for elements v, w,u € C[D] and extend antilinearly in the second argument. The
following proposition adapts [72, Proposition 1|, which is originally due to Petersson,

to the vector-valued case.

Proposition 4.1.7. Let

ik

C(k) = Ty

(4.1.3)

For l € Z~ the function C’(k’)ill%_le(z, —2') is the kernel function for the Hecke
operator T(1?), i.e.

dxdy

O 11242 / LUt = e

Proof. First note that we can write

-1
(cz+d)™" a b
Z Z az+b> p(D) ( d) e'Y ® 67

y€D a,b,c,d€Z cz+d c
ad—bc= 12
(a,b,c,d)=
[M)(2)p) (M) e’ @ €
~veED MeM,

It is easily seen that T'(1%)w, (-, 2') = (?*~%w;(-, 2'). Hence, since the Hecke operators

are self-adjoint, it suffices to prove the proposition for l = 1. We set "= ({ 1) and
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', =(T). Then

Z Z =+ [M)(2)pp(M)~'e" @ €

yeD MEF

= > Z G e T MG ) @

Y€D perd \r n=—o0

_Z Z Z z+ +n ’k [(2)pp(M) e’ @ €

Y€D perd\r n=—o0

e(—nq(y _
Y Y (et Y e
YED MerL\l n=-—00
M=(21)

By Lemma [4.1.6] this equals

2, 2 (e=td) (%i)). > el + M2)pp (M @ e

veD Merf\r TGZ+8(7)
_(ab >
M_( c d)

Z Z Z (cz+d)Fe(rMz)pp(M 1) | @ e(rz')e?

k; l
YED reZ+q(y MeTd\T
r>0 fab
Mﬁ(c d)
k: 1 /
k IZ Z Pipqr(2) ®e(r)e,
YED reZ+q(y
r>0

where Py, p ., is the Poincaré series of index (y,r) defined in Section [1.3] In [I1] it

is shown that
(k—2)!

ZZ Z c(B,r)e(rr)e’.

BeD reZ+q(v)
r>0

(f7 Pk,D,’y,r) =2 C('Y, T)

for a cusp form

We thus have

C(k) ™ (f,wi(z,—2") = il Z Z se(rz')e

YeED reZ+q(y
r>0

L 2mi)E ( o
:0(1@)2& )1)' Mklz > e

YED reZ4q(y)
r>0
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4.2 Vector-valued Eisenstein series

In this section we will study a relation between the Eisenstein series for genus
n = 2 and the Hecke operators for n = 1. In the scalar-valued case a similar result
was shown in [34] and [4], called the pullback formula. We generalize the pullback
formula to the vector-valued case, however using a different approach. In particular,
we will prove that 8hE7(:;2 ((25)) is the sum of the kernel functions for the Hecke
operators from the previous section. When h = 0 we get, as an additional term, the
product of the genus 1 Eisenstein series in z and in 2’ (also cf. [67]).

For a matrix (¢%) € Maty(Z), we introduce the notation (¢%) = (¢t) and

ng ((‘Z g)) = ng(av b? Cy d)

Proposition 4.2.1. Let M = (A B) € I'® and denote by Cy, Co, Dy and Dy the
first and second column of C' and D respectively. We define the maps

det(Cy,Dy)  det(D) )

©: F(z) — MatQ(Z), @(M) - ( det(C) det(Dl 02)

and
v:T® 57 v(M)=det(Cy, D).

Then we have

p(M - u(A)) = p(M) - A,
(M -d(A) = A" p(M),
v(M - u(A)) = v(M),
v(M - d(A)) =v(M)

for M € T® and A € TW. The map

¢ : TN\ — {(6,1) € Maty(Z) x Z | det(6) = 12, ged(8) = 1}/{(I,1),(~1,—1)},
M = (p(M),v(M))
15 bijective.

Proof. The first relations follow from simple computations. It remains to prove
that ¢ is a bijection. First we show that it is well-defined, i.e. that det(p(M)) =
det(Ct, D;)?, that ged(¢(M)) = 1 and that for any M € 'Y the matrices MM and
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M have the same image under ¢. The last statement follows immediately from the
fact that any M € I'? is of the form

U B
0 (UT)!

for some U € GLy(Z) and that det(U) = £1. Now let C' = (¢} &) and D = (g; ).
Then

a b _ @(M) _ Cld4 — d203 d1d4 — d2d3

c d C1Cq4 — C2C3 d164 — ngg

det(p(M)) = ad — be
= (Cld4 — dgCg)(dlc4 — ngg) — (d1d4 — dgdg)(clc4 — 0203)
= —ciCadzdy + cicadads + caczdidy — cscadids.

and so

Because M is symplectic, we know that C DT = DC?T, which is equivalent to ¢;ds —
dic3 = dycy — cody. Therefore, we have
det(C’l, D1)2 = (Cldg — d1€3)(d204 — 02d4>
= —Cngd3d4 + clc4d2d3 + 0263d1d4 — 6364d1d2
— det(p(M)),

By Lemma every M € Maty(Z) of determinant 12 can be written as A (2 9) B
for A, B €T and ad = [? and we have

o(M - d(A) - u(B)) = Ap(M)B. (4.2.1)

We show that there exists an M € T'® such that o(M) = (§9) if and only if
(a,0) = 1:

It is well known that a right coset decomposition of the integral 2 x 2 matrices of

U r <C1 C2).
€1>0 0 Cy

cicqa=c
co mod ¢y

determinant c is given by

Hence, if o(M) = (¢9) for M € Fg)\f‘@), we can choose the representative M such
that C' = (G ¢ ). We then find that ¢;dy = o and —cods = 6 and ¢1d3 = —cady = .
Therefore, ¢; | ged(a, ). If x = ged(a, 1) /ey, then x | dy and x | d3. But the last row
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of M is (0,0,ds,ds) so that x = 1 and ¢; = ged(a,1). By an analogous argument
co = £ged(6,1). Using the Laplace expansion along the 3rd row, we find that

1 =det(M)=rcy-det(...) —cy-det(...) + det(D) - det(A)
=C - det( . ) — C9 det( . .),

so that 1 = ged(cq, c2) = ged(ged(a, 1), ged(5,1)) = ged(a, 6). Therefore, ¢ is well-
defined.
Recall the definition of

P+l —1—-1 -1 —1-1
—1—-1 1 0 0
Al: EF(Z).
-1 1 0 0

0 0 -1 —l

o(A) = (ZO 2)

and v(A;) = (. Using (4.2.1) and Lemma this implies that ¢ is surjective. For

injectivity recall that if ¢(M) = (& 9), then we can assume that C' = (G ¢ ) with

c1 = ged(1?,1) =1 and ¢y = £ged(1,1) = £1. Then dy = [, d3 = F1 and dy = Fld;.

Now
o) (636
01 0 1 0 0 F1 l
B [ 41 di Fb Fl(di Fb)
“\\lo o)\ w1 l '

Therefore, for every d; the corresponding matrices M are in the same coset mod
'), We choose a representative with dy = 0. Then v(M) =1if and only if + = —.
So there exists exactly one pair (C, D) € GLy(Z)\(Maty(Z) x Maty(Z)) such that
for M = (4 B) we have p(M) = (1 9) and v(M) = I. If M, M € T'® have identical
C and D, then MM~ e I'? and so ¢ is injective. O

We have

For the next proposition we will need

Lemma 4.2.2. Let D be a discriminant form of even signature, | € Z, A € M; and
B € SLy(Z). Then (AB) = B'A" and

S (A @ po(B) e =3 pp(BA) e @ e,

YyeD yeD
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Proof. The fact that (AB)" = B'A’ follows from a simple calculation. Now let
By, By € SLiy(Z) and assume that the identity holds whenever B is equal to B; or
By. Then for A € M; by Proposition also

> " op(A) e’ @ pp(BiBy) e = pP(d(B:1)) Y pp(A) e @ pp(Br) e

v€D yeD
) pp(BlA) e @ e
~yeD
= pp(BlA) '’ @ pp(By) e
=Y eo(ByBIA) e @

=Y ro((BiB)A) e @ e,

so it suffices to prove the identity for B equal to generators of SLy(Z), i.e. J; = (9 §)
and n(1) = (3 1). Note that both J; = J; and n(1)’ = n(1). For n(1) the identity

is trivial, while for J; we have

> pp(A) e @ pp(h) e =) pp(A)e (_Si%(lm/g) > e(—=(B,7)e

veD veD BeD
(— sign 8
=3 ()RR S (g,
BeD yeD
= ZpD PD J1> 1€B®€B.
BeD

]

We can now show that in a special case, the action of an element M € I'® in

the Weil representation is given in terms of the action of ¢(M).

Proposition 4.2.3. Let D be a discriminant form of even signature. Let M € T'?)
and € = sgn(v(M)) with sgn(0) = —1. Then

81n 8
AR @) = S / S ple(M) e @

\% yeD

Proof. We first show the statement for M = A; = JnyJnyJns with

(e I R ()
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Then we find

PR (A) M @ )

—sign(D)/4
:pg)(manJng)_le( 31%11;(‘ )/4) Z e @ e

(p1,p2)€D?
_,e(—sign(D)/4
= g ng) CIEDI S () 4 1)) @ 0
|D’ (MlerQ)EDQ

= pg)(ngt]ng)fl e(=sien(D)/2) Z Z —(p1, B1) — (p2, B2))

|DJ?
(B1,82)€D2 (si1,412)€D?

e((p1, p2) + ZQ(MZ))eﬁl ® e’

= pg)(ngg]ng)fl e(= Siﬁ;ﬁD)/m Z e(—=(Br, B2) + lq(ﬁl))eﬂl ® 6527
(B1,82)eD?

where we used that

Z e((p1, 2 — B1) = {D i =

peD 0 otherwise.

We proceed

o2 (Tny)” €<‘Si*‘|%“g<|D>/2> ST e~ +DaB) + 1+ 1B B) — aB))
(B1,62)€D?

e(—(B1, B2) + 1a(Br))e” ® ™
= Pg)(nii)le(_?)sﬁigl))/@ Z Z 51 71 (52,72))

(v1,72)€D? (B1,82)€D?

e(—q(lpr) + (51, B2) — a(B2))e™ @ e
6(_3S|11g)7§D)/4) Z Z e(—a(Be — 181 +72))

(v1,72)€D? (B1,62)€D?

e(—(y1 + 12, Br))e™ @ e™.

Taking the sum over By and using Milgram’s formula we get

e(sign(D
amem /e Z Z — (71 + 12, 51))e" @ €™

|D| (v1,72)€D? p1€D

s (D)/8)
BV R VLR

 e(sign(D)/8) 2o\ e
RS ((1 1) e
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Note that pp ((20)) e = el by definition.
P 01
Now let M € I'® be arbitrary. By Proposition and Lemma we have

M eT® . Au(A)d(B)
for some | € Z and A,B € TW. Since M = n(S)a(U) € T'Y acts on €® @ ¢
as multiplication by det(U)¥&*P)/2 and p(MM) = det(U)p(M) and v(MM) =
det(U)v(M), we can assume that M is equal to Aju(A)d(B). By Proposition [1.4.1]
and Lemma [£.2.2] we have

P (Au(A)d(B) ™ (e @ )

= Pg)(U(A) . d(B))_lpg) (A) e ®e?)

_ e(sign(D)/8) ) o (oA L= @ oo (B)1e7
D ;p()p(sﬁ()) ® pp(B)

_ e(sign(D)/8) . e g

-~ b ;me p(A)A) ®

_ D) (A A)d(B) e @ e

\% ’D‘ yeD

]

Recall that M; = {(¢%) € Mats(Z) | ad — be = 1, ged(a, b, ¢,d) = 1}. For the

case | = 0 we will need

Lemma 4.2.4. We define a function ¢ : T x W — M, by

ko ok ko ok U Su
R — .
ros t u rt st
Then v defines a bijection between Fg?\l"(l) X Fg)\T(l) and My/{£1}. Let D be a

discriminant form of even signature, then we have

6(81gn<D)/8) Z pD<w(A’ B))*le'Y ® e,

\% |D| yeD

Proof. 1t is easy to see that 1 is well-defined as a mapping from I’g)\I‘(l) X Fg)\F(l)
to My/{£1}. A simple computation shows that for A, B,C, D € I" we have

pp(A)~'e" @ pp(B) e’ =

W(A-C,B-D)=D'-(A,B)-C.
Noting that ¢(I, —J;) = (39), surjectivity follows from Lemma[d.1.1] For injectiv-
ity assume that ¢(A, B) = ¢(C, D) and so

Y(AC™H, BD™N) = (I, 1) = (g é) :
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We need to show that AC™!, BD™! € 'y,

Suppose that
. * ok o * %
AC™ = , BD = )
TS t u

Then ru = 0 and su = 1, so that we must have » = 0. Because st =0 and su = 1,
we also have t = 0 and s = v = &1, i.e. AC™', BD ' e T'.
Now we find that

pD(])—leo ® pD(_Jl)—leo — €(Slgn(D)/8) 60 ®er

NI
 e(sign(D)/8) 0 0\ o

For arbitrary A, B € I we once again use Proposition [[.4.1] and Lemma[£.2.2] to get

pp(A)~'e" ® pp(B)~ e’
= pS (W(A)d(J1B) (pp(1) e ® pp(—J1) ')

= P2 (u(A)d(1,B)) (% S oo, —a) e ® )

)/8)
= Slgn / ZpD (I J1>)_1€’Y®pD(J1B)_1€’Y

\% yeD

:%Zp (BT (I, —J)A) e @ ¢
:%\/ﬁ)/&z p((A, B)) LT @ ¢,

]

The next result finally describes the relation between E,f” and the Hecke oper-
ators and is due to Stein (cf. [67, Theorem 5.3]). We include it together with its
proof because we will generalize the argument to establish Theorem [.2.6, Recall
that the function w; defined on page is the kernel function of the Hecke operator
T(1?).

Theorem 4.2.5. Let D be a discriminant form of even signature and let k > 3
with k = sign(D)/2 mod 4. Then we have

@ 20y _ D) (1), , elsign(D)/8) (s
Ek ((Oz’))_Ek (z)®Ek (Z)+ m lEZZ>O l(> )
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Proof. Let M = (A 5) € T™® and consider C' = (& &) and D = (). Then for
Z=(:9)

0z

di cor +d
det(CZJrD):det((ClZJr poerT 2))

3z +ds 2 +dy
= (12 + dy) (a2’ + dy) — (22" + da)(c32 + d3)
= (c104 — cac3) 22" + (c1dy — dacz)z + (dicy — c2d3)2’ + (didy — dads)
=czz +az+d7 +0,

where (2%) = ¢(M). Hence, E,(f) ((59)) is equal to

1
(2) —1/,0 0
Z (czz' + az +dz' + b)’“pD (M)~ (e @ e)
Mer$h\r®
p(D=(2 )
e(sign(D)/8) 1 L
= 7S M sgn(v(M))y o o7
V|D| Z (czz' + az 4+ dz' + b)k ZPDQP( ))"e ®e
Mel“f,?\l“@) ~ED

p()=(2%)

e(sign(D)/8) 1 _1
M Y 2
VD] Z Z (czz’—l—az—{—dz’jtb)k;)plj( e

l€Z>0 pp— ( EM[

e(sign(D)/8) . )
+— VID| Z (cz2' + az + dz’ + b)k Z/)D(M) e’ ®e,
M=(¢ Z)EMO/{il} ~veD

where we applied Propositions [4.2.1] and [4.2.3] as well as the fact that

7 @ e
(— czz—az—dz kZpD e

(=D*

- M) op(=De " ® e
(czz’+az+dz/+b)kZpD(@( ) pp(—Ie " ®e

_(=Dfe(sign(D o
"~ (cz2 +az+ dY +b ZpD o

and e(sign(D)/4) = i*#"(P) = j2¢ = (~1)*. So it remains to show that the term for
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[ =0 is equal to E,(Cl)(z) ® E,gl)(z’). In fact, by Lemma , we have

6(Slgn(D)/8) Z 1 Z -1 _v vy
eleign(D)/%) S e s
V/|D] etwn (czz' +az + dz' +b) o

e(sign(D)/8 1 1y oy
= ( %/‘(—D’)/> Z (czz’—l—az—l—dz’—l—b)kZPD(MA’B)) cwe

A,Ber\r =2
w(AB)=(24)
1
= > 7ro(A) "¢’ © pp(B)~ e’

(czz' + az + dz' +b)
A,BeTO\r ()

w(AB)=(4})

ol D Sl Y B SRR S

Aerfh\rm (rz+s)
A=(7%) B=(3} 1)

=EV () @ EM(2).
]

Recall the differential operator 9, defined on page [40] Applying it to the Eisen-

stein series we obtain

Theorem 4.2.6. Let D be a discriminant form of even signature, m > 6 with
m = sign(D) mod 8 and k = m/2+ h with h > 0. Then

(ahEgZQ)(Z7Z,) _ G:'Ln(]ﬂ 1) . (k - 1)' e(Slgn(Dﬁ/S) Z thZ(Z,Z/).

(m/2—=1)!  /|D|

lEZ>0

Proof. We have already seen that for any M € D@\F(Q) we can find a representative
such that M = Aju(A)d(B) for suitable A, B € T'™) and [ € Z>,. Hence,

EZ) = 33 UnpalAu(A)d(B))p5) (M) (e @ ),

I€Z>0 A,B

where the second sum ranges over the appropriate A and B (which depend on /). It
was shown in [38, section 3.1.1] that J;, commutes with the slash operator of u(A)
and d(B) on H x H C Ho, i.e. for a f : Hy — C we have

Oh(Flonj2 u(AY]) = Dnf)l s A] - and
On(funj2ld(B))) = (@) onlB).
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where |} acts on the first and |7 on the second variable (recall that (9, f) : H x H —
C). Therefore, we obtain

(OhEN),) (21, 21) = ) Zah U o[ Ara(A)d(B)]pi3 (M)} (e @ €°)

= Z(é‘hlim/zwz])\zm]|2[B]p%><M>-1<eo & ).
€250 A,B

Since
P+l —1—-1 -1 —1—-1
—1—-1 1 0 0
./4.[ - )
-1 1 0 0
0 0 —1 -1
we have

—m/2
-1 1
1’m/2[¢4l](z) = det (( Atz 2 Z4)> = ([221 — 2z + Z4)‘m/2.

-1 —1

Then

a 2 —S 2 —s—1

6_(l 21— 2lzg + 24) 7% = 2Us(1°2 — 21z + 24)

Z2

and
0? 2 —5 0 2 2 —s—1
82182‘4 (l 1 — 2[22 + 24) = 6—24[ ( )(l 21— 2[22 + 24)

=1s(s+ 1) (1?2 — 212y + 24) 52

Since G" (x,y?) is homogeneous of degree h, we find

h 19 82 2 —m/2
A —2
m (2 322’ 821824 (l “l ZZZ + Z4)

=G (1) -m/2-... - (k—1)-(1?2; — 2lzy + 2)F

Gt 1)- % " 10 AN(2).
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Hence,

(2 _ vk R
(ahEm/2)(Zl7 Z4) - Gm(17 1) m/2 - 1 Z l

l€Z>0

S 1kl Au(A)dB)] (3 2)) P15 (M) (e @ )

A,B

=Gh(1,1)- (7552__1)1!) Slf;_ l;z;o '

1 -1
Z (czz' +az+dz' + b)* Z po(M) = et @ el
yeD

=G (1,1)- (k=1)!  elsign(D)/8) anlzz

(m/2 — 1) VD] b

where the last two steps are the same as in Theorem [£.2.5] O

4.3 The space of theta series

In this section we will prove the main theorem of this chapter. As explained in the
introduction, we define a map from the space of cusp forms to the space generated
by the theta series by integrating a cuspform against the genus theta series of Siegel
genus 2 evaluated on a diagonal matrix. This process is called the doubling method.
By the Siegel-Weil formula we can then substitute the genus theta series for the
Eisenstein series. Using the results from Sections and [£.2) we find that the
resulting map is a linear combination of Hecke operators. Finally, we will show,
that this map is bijective if the conditions of the main theorem are met.

Let D be a discriminant form of even signature and level N and let m be even
with m > p-rank(D) for all primes p. We set G = II,,0(D) and k = m/2 + h with
h > 0. By [565, Corollary 1.10.2] G is non-empty. We define a linear map

P = (I)D = (I)D,m,k : Sk<D> — 6m7k(D)

dxdy

T2

Bpmilf)() = / (F(2), Pz~

I\H Y

Recall that vg = 3}19(@2). Note that for a lattice L we have

07 ((50)) = 0"(2) @ 0V ().

z
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Because of Proposition for h > 0 also
(0n0) (2, 2') = C - Z@LP (z’),

where (P,..., P,) is an orthonormal basis of H" and C'is some non-zero constant.

We therefore find that

Opmi(f) = (@) OD)] 1CZ#A (L) Z ZfUQLP )0 0L.p,

LeG o€lso(D,L'/L) i=1
(4.3.1)

If D' is a discriminant form isomorphic to D, then for a 7 € Iso(D’, D) it follows
from (7*v, 7*w) = (v, w) for all v,w € C[D] that

Ppmp 0T =770 Pp i (4.3.2)
The following lemma will be useful.

Lemma 4.3.1. Let V' be a C-vector space with scalar product (-,-) which is linear
in the first variable and (v;)?_, C V an arbitrary finite family. Then f :V — V
defined by

n

f(v) = Z(vavi) "V

i=1
is surjective onto span(v;)i_, and is self-adjoint. In particular f is diagonalizable

and

V =1im(f) @ ker(f).

Proof. Let v,w € V. Then

= (v, Z(w,vi) - ;)

i=1

= (v, f(w)).
Let A = (a;;) with a;; = (v;,vj) be the Gram matrix of (v;)!, and define g : C" —
span(v;)"_, by

n
r=(x1,...,2T,) r—>in~Ui.
i=1
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Then

rx-A= ((g(x),m)a R (g(x),vn))

and g(x - A) = f(g(z)). From the first assertion we see that ker(g) = ker(A) and
since A is self-adjoint, C" = im(A) @ ker(A) = im(A) @ ker(g). This implies that

m(fog)=im(g(-A4)) = im(g) = span(v;)iL,

Applying Lemma [£.3.1) to ® yields
Proposition 4.3.2. Let D, m and h be as above. If h =0, assume m > 4. The
linear map ® is self-adjoint and surjective onto O, 1(D)o. In particular we have
Sk(D) = O, (D)o @ ker(P)
and Y is diagonalizable.

Proof. We begin with the case h = 0. By the Siegel-Weil formula we know that for
m >4

LeG o€lso(D,L' /L)

Furthermore, the forms 0%y, — Ej, € Sg(D) span O,, (D)o. Since any f € Si(D) is

orthogonal on FEj, we thus get

Dl f)
CAECIEDY T R
CRECIEDY I X () ot (BB,
CEECIEDY T IR
= u(G) | O(D)| " - L% m UEISO(%;L//L)(f, o' — Ey) - (070, — E)

and we can apply Lemma to the family (0% — Ey)1,0)-
If h > 0, we can immediately apply Lemma because of equation (4.3.1). O

It remains to determine when ®p has trivial kernel. To do this we will need
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Lemma 4.3.3. Let H C D be an isotropic subgroup and let f € ker(®yr,g). Then
also 1y (f) € ker(®p).

Proof. If g € im(®p), then it is a linear combination of theta series, i.e.

g_z Z ZCLon'*QLP

LeG o€lso(L'/L,D) i=1
Then
E E E CLazU* \l/a LH (QLP)
LeG o€lso(L//L,D) i=1

where & is as on page 02 Let M be the over lattice of L generated by any rep-
resentatives of the elements in o™'H C L'/L so that c™'H = M/L. By iden-
tifying (M'/L)/(M/L) with M'/M we find that |,-1y (0Lp) = Oup,. Hence,
bi (9) € Opp(H/H)o = im(Py. 5r). Therefore, we have

feker(PyL/g) < (f,9) =0 Vg € im(Py,p)
= (f,dn (9)) =0 Vg € im(®p)

< (tw (f);9) =0 Vg€ im(®p)
<1y (f) € ker(®p).

Combining the results of the previous sections we obtain

Theorem 4.3.4. Letm > 6. The map ® is a linear combination of Hecke operators,

namely

—sign(D)/8)
Pp s = C(m, k) Z l2k 2— h’

N

where C(m, k) = G ™?(1,1) 2D O (k) with C(k) as in (4.1.5).

(m/2-1)!

Proof. Let us first consider the case h = 0. We have

Poans( ) = [ EHE (GG 2w

T\H y?

= [ e B (G
I\H Y
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where we have used Theorems[1.7.8 and [£.2.5] The integral defines a scalar product

on the finite dimensional vector space Si(D) and for a fixed 2’ the sum is a con-

vergent series in the space Sg(D). Hence, by the continuity of the scalar product
we may interchange the order of integration and summation. We use the fact that

E,(:) € Sk(D)* and Proposition to obtain

= Si\ji;i)/g) Z /r\H<f(Z)7Wl(Z7 =)y

_ c(l-c)d_s%i)/ & ( ﬁi—@) /.

=1
If h > 0, we first apply 0, and use Theorem to obtain

p drdy
Y2

(I)D,zk,k(f)(zl) =

B ()(2)
- / LU @) —?W%
dody

_ /r (f(2), (OB (2, —2))y"

\H y?

(k—1)! e(—sign(D)/8) — L =z L dady
O R a3 [ et

- e(—sign(D)/8) [ T(1*)
(m/2 — 1)!0(1{;) ] (Z l2k2h> I

=1

We remark that in [67] the formula

7E1£;2) z 0 5 p dedy _ e(sign(D)/S)O ks d*=5T (2
/F\H<f ((0 —z ) )>y y2 \/W ( )d§>0 ( )f

was derived, where

EX(Zs)= > det(Im(2))*[x[M]pf) (M)’ @ ¢
Mer\r@

and C'(k, s) only depends on the weight k and the variable s. However, a factor got
lost: In formula (4.8) in [67] a factor of d*~2 must be added. Then instead of d=*~*
one gets d—2*27*_ Furthermore, the factor e(sign(D)/8) should be e(— sign(D)/8),
as it was pulled out of the antilinear part of the scalar product. Then Stein’s formula
coincides with ours.

We further study when ®p(f) vanishes.
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Lemma 4.3.5. Let m > 6. If ®p(f) =0, then
0 T 2r
H(Z 2k(pQ >h )f:O.
P rk—2r—hr
p|N \r=0
Proof. By the previous theorem and Theorem we can write

e(—sign(D)/8) < T(12)

\/m — l2k*27h‘f

(I)D,m,k:(f) = C(m’ k)

e(—sign(D)/8) [ < T(1?) — T(p™)
=C(m, k — T2h—2—h rh—ar—hr |
( | D! (l,ll\?z)l—l " 1}|—1g (gp ) !

For the primes coprime to N we have seen in Proposition that S(D) has a

basis consisting of simultaneous Hecke eigenforms and for such an eigenform f and

Re(s) > k we have

o

T(1?)
ls

f=L(fs)f
(l,é\?)lzl

with

B (1= xp(PP* )1 + xp(p)p" ')
Lis) = g 1= (A®?) + xp(p)(1 = p)p*=2)p=s 4 p*k-2-2s

Since L(f,2k —2 — h) # 0 for m > 4, the operator

= TP
l2k—2—h

=1
(I,N)=1

is bijective. This proves the lemma. O]

As explained in the introduction, we now show that if the conditions of the main
theorem are satisfied, then for any lattice L € GG there exists a sublattice M C L

with certain properties that will be useful in the proof of the main theorem.

Lemma 4.3.6. Let D be a discriminant form of even signature sign(D) and m a
positive integer such that m = sign(D) mod 8 and m > p-rank(D) for all primes p.
Then the genus II,,o(D) is non-empty. Suppose for any L of genus I, (D) the
ZLy-lattice L, = L ®g Z, splits a hyperbolic plane over Z, for all primes p. Then for
any L of genus I, o(D), there exists a sublattice M C L such that

M'[M =D {y, ),

where ny = nu =0, q(v) = q(u) = 0mod 1 and (v, ) = 1/n mod 1.
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Proof. By assumption we can write
Ly, = Ep © Up,
where U, is the lattice a1 Z, + asZ, with Gram matrix ({{). We define

Ep@Up(p) if p ’ N
L, ifpt N

and M = () __ (M, N (L ®zQ)), where Uy(p) is the lattice pa1Z, + asZ,. By [41],
Satz 21.5| we have M ®z Z, = M, for all p and for p | N we have

M. /M, =L, /L, ® Up(p) [Up(p) = L' | Ly & (p, 1)

with py, = ppp = 0, () = a(pp) = 0mod 1 and (v,, i) = 1/p mod 1. This
proves the result. O

We remark that a p-adic lattice L, of rank m splits a hyperbolic plane over Z,
if and only if p-rank(D) < m — 2 or prank(D) = m — 2 and [[ ¢, = (’T‘L), where

the p-adic component of D is equal to
D
q

and |D| = p*a with (a,p) = 1. This is a property of the genus of L, rather than of
L itself.

Finally, we can prove the main theorem.

Theorem 4.3.7. Let D be a discriminant form of even signature sign(D) and m a
positive integer such that m = sign(D) mod 8, m > p-rank(D) for all primes p and
m > 6. Then there are positive-definite even lattices L such that L' /L = D, i.e. the
genus I, 0(D) is non-empty. Suppose for any L of genus I, (D) the Z,-lattice
L, = L ®z Z, splits a hyperbolic plane over Z, for all primes p. Then

Sk<D) C @m,k(D)
for all k> m/2.

Proof. By Proposition 4.3.2] it suffices to show that & is injective, so assume that
®p(f) = 0 for some f € Sy(D). Let n =[],y p be the radical of N. The genus
II,,0(D) is non-empty (see [55, Corollary 1.10.2]). We choose some L € II,, (D).
By Lemma there exists a lattice M C L such that

D=M/M>=D&(v,p),
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where ny = nu = 0, q(y) = q(pr) = O0mod 1 and (v,u) = 1/nmod 1. We set
H = () so that D & H+/H. Because of (4.3.2)) we can assume that D = H+/H.
According to Lemma also ®5(Ty (f)) = 0. Then

H(Z%) i (f) =0

p|N r=0

by Lemma m For any 8 € D clearly v + 3 and p+ 3 are not in D for p | N. If
2| N, then (n/2)y, (n/2)u € Dy and

2q((n/2)p) + ((n/2)p, v + B) = 2a((n/2)7) + ((n/2)7, p + B)
= (n/2)(p,7y) =1/2 mod 1,

so that v + 8 & D* and pu+ 8 ¢ D*. Since n - (y+ 6) =nf =n-(u+p)

and q(y + B8) = q(B) = a(n + B), we can apply Corollary with set of primes
P = {p prime | p | N}. Then the element v := v,44,44p from Corollary is

given by

o= 3 (1)l

SCP

Note that (v + 5,7) = HpeS% mod 1, so that |y (v) = e by the definition of |y

(see page . We obtain

(oe®) = (t () = ([ (Z M) t (f),0) = 0.

p|N \r=0 p
Because 8 was chosen arbitrarily, it follows that f = 0. n

We extend the result of the main theorem to all discriminant forms of even

signature and lattices of rank at least 10 by considering the space

O}, x(D) = span{1; (0"0rp) | L € Il o(H"/H)
for some isotropic subgroup H C D, P € an_m/Z, o €lso(H-/H,L'/L)}.

Then we obtain

Corollary 4.3.8. Let D be a discriminant form of even signature sign(D). Let
m € Zwo with m = sign(D) mod 8 and m > 10. Then

S.(D) C O], ,(D)

for all k > m/2.
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Proof. Let H C D be any isotropic subgroup such that all p-ranks of H+/H are
less than or equal to 6. Then any lattice in II,,o(H=*/H) locally splits a hyperbolic
plane (cf. [55, Corollary 1.9.3]). By Theorem we know that S,(H*/H) C
Omr(H*/H). We showed in Theorem that

My (D) = span{ty (f) | f € Mx(H*/H),
H C D isotropic subgroup such that p-rank(H*/H) < 6 for all primes p},

which proves the corollary. O]

4.4 Waldspurger’s result on scalar-valued modular

forms

Waldspurger’s result on the scalar-valued basis problem can be derived from Theo-
rem by showing that any newform of level /V is the O-component of a suitable
vector-valued cusp form. For a positive integer N let SpV(N) denote the space
of scalar-valued newforms of level N. Following [68] we let ©(m, k, N, D) denote
the space generated by scalar-valued theta series of positive-definite even lattices of
rank m, level N and discriminant D weighted with harmonic polynomials of degree
k —m/2, i.e. the O-components of elements in ©,, (D), where D has level N and
|D| =D.

Corollary 4.4.1. Let m, N be positive integers.

(i) For m = 0 mod 8 and m > 8 we have SP*(N) C O(m,k, N, N?) (cf. |68,
Theorem 1]).

(i1) For m = 4 mod 8 and m > 12 and for any prime q | N we have S}¢“(N) C
O(m, k, N, N?q*) (cf. [68, Theorem 2J).

Proof. By Theoremmit suffices to show that any f € SE(N) is the 0-component
of some vector-valued cusp form for an appropriate Weil representation. For a dis-
criminant form D of level N we define a lift Lp : Sp*V(N) — Sk(D) by

Lo(f) =Y f[Mlpp(M ")
MeTo(N)\T
and consider the map Up : SPV(N) — Si(N) defined by Up(f) = (Lp(f),€"). In
[63, Theorem 1.1] it was shown that for certain discriminant forms, ¥ p, is a non-zero

multiple of the identity map, say cp - id.
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For part (i) let m = 0 mod 8 with m > 8 and D = (Z/NZ)?* with quadratic form
given by

b
(a,b) — GN mod 1.

Then I1,,0(D) is non-empty and satisfies the conditions of Theorem as well as
those of |63, Theorem 1.1], so that for any f € Sp* (V) we find Lp(f) € O, (D)
and hence, f = Up(cp' f) € O(m, k, N, N?).

For part (ii) let m = 4 mod 8 with m > 12 and ¢ | N a prime and consider the
discriminant form D = (Z/NZ)* & (Z/qZ)* with quadratic form given by

ab & — ud?

(a,b)—F(C,d)HN—F q

mod 1,

where v is a non-square modulo q. Then II,, (D) is non-empty and again, the
conditions of Theorem and those of [63, Theorem 1.1| are satisfied, which
implies S}V (N) C O(m, k, N, N?¢?). O

Theorem 3 in [68] on cuspforms with character can probably also be proved
using Theorem [£.3.7], but we have not checked all the details.
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Part 11

Orthogonal modular forms

135



Chapter 5

Orthogonal modular forms and

Borcherds products

In this chapter we recall some results on orthogonal modular forms including the
multiplicative Borcherds lift ([7, Theorem 13.3]). We then use the main theorem of

the previous chapter to prove a converse theorem for Borcherds products.

This is based on the application in the preprint [51].

5.1 Lattices and quadratic spaces

First we recall some general results on orthogonal groups. For references see for
example [40] and [56]. Let R be a principal ideal domain with quotient field K of
characteristic unequal to 2. Let L be an R-lattice, i.e. a free R-module of finite rank
n together with a non-degenerate, symmetric bilinear form (-,-) : L x L — K with
associated quadratic form ¢ given by q(A) = (A, A)/2 for A € L. We can retrieve
(+,-) from q since for A\, u € L we have (A, ) = q(A + ) — q(A) — q(p). When R
is a field, than L is called a quadratic space. We say that L is even if (A\,\) € 2R
for all A € L. We have already seen Z-lattices and they will continue to play an
important role in what follows. Furthermore, we will investigate Z,-lattices. Let A
be a principal ideal domain with R C A. We extend the bilinear form linearly to
the A-lattice Ly := L ®g A. In particular, V = L is called the ambient quadratic
space of L. For m € R we denote by L(m) := y/mL the lattice isomorphic to L

with bilinear form m(-,-).

136
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We define the groups

GO(La) = {7 € GL(L4) | (yv,yw) = s(7)(v,w) for some s(v) € A}
O(La) ={y € GO(L4) | s(v) =1}
SO(Ly) ={y € O(La) | det(y) = 1}.
The homomorphism s : GO(L4) — A* is called the similitude factor. Let A € L
with q(A\) € R*. Then the reflection o) € O(L) on the hyperplane At is given by

(v,\)
qa(A)

For quadratic spaces we have (cf. e.g. [56, Theorem 43:3])

oxv) =v—

Theorem 5.1.1 (Cartan-Dieudonné Theorem). Let K be a field of characteristic
unequal to 2 and let (V,q) be a quadratic space over K of dimension m. Any element

in O(V) is the product of at most m reflections.

fv=0y...00 € OV) for vy,...,v, € V with q(v;) # 0, we define the spinor

norm
spin(v) = q(vi) ... q(vg) mod (K*)%
We have (cf. [56, 54:6])

Proposition 5.1.2. Let K be a field of characteristic unequal to 2 and let (V,q) be

a quadratic space over K. Then
spin : O(V) — K*/(K*)?
is a well-defined group homomorphism.

We define the groups

O(L)" ={y € O(L) | spin(y) = (K*)}
SO(L)" = {y € SO(L) | spin(y) = (K*)*}.

Finally, we describe the Eichler transformations introduced by Eichler in [27].

Proposition 5.1.3. Let R be a principal ideal domain of characteristic unequal to
2 and let (L, q) be an R-lattice with ambient quadratic space V. Let z € L, 2/ € V be
isotropic with (z,2') = —1 and let up € LNzt N2t Then the Eichler transformation
EZ € SO(L)* is given by

EL(v) =v— (v,2)p+ (v, u)z — a(p) (v, 2)z.



138 CHAPTER 5. ORTHOGONAL MODULAR FORMS

The map p — EJ is an injective group homomorphism from LNztnz'* to SO(L)*.
We have
Ei(z) ==
Ei(Z) =2 4+ p+q(p)z.
If v € GO(L), then
VEL = Bl
Proof. Let p, i/ € LNzt N 2%, One verifies that

EZ

_ Z 12
ptp T EuE#’

and so p — E7 is a group homomorphism from L N 2t N2t to O(L). Injectivity
follows from
z N
Ei(2) =2+ p+q(p)z.

To show that E7 € SO(L)™ first, assume that q(u) # 0. Then
E/i = 040 u—q(p)z € SO(V)+ N O(L) = SO(L)+.

Now assume q(p) = 0. For p = 0, clearly EZ = id € SO(L)*, otherwise let
i € LNztNz* be any element with q(u’) # 0, which exists since the bilinear form

on L is non-degenerate. Then
q(p £ p') = £(u, 1) + (i)
Since the characteristic of R is not 2, at least one of them is anisotropic. Therefore,

z z
Eu - Euiu

EZ, € SO(L)*.
Finally, let v € GO(L). One verifies that

z _ v(2)
VEL = By

]

When R C R, then Lg = R x R*- such that (-,-) is positive-definite on R**
and negative-definite on R*= and (¢,,¢_) is called the signature of L. We will, in
particular, be interested in lattices of signature (n,2) with n > 3. In this case we

must have s(y) > 0 for all v € GO(L) because v must preserve the signature of L.
In particular, if R = Z, then GO(L) = O(L). We have

GO(Lg) = Ro O(Lg)
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and we can extend spin to GO(Lg) by spin(a - id) = (R*)? = Ry for a € R.y.
Furthermore, note that R*/(R*)?* = {£1} and we will identify the two groups.

Now we also define
GO(La)* == {7 € GO(Ly) | spin(7) = 1}

when A C R. For aI' € GO(Lg) we also denote I'y := {y € " | det(~y) > 0}.

Recall the notion of the dual lattice L' = {y € V | (y,A) € Rforall A € L}
of an R-lattice L. We say that L is unimodular if L' = L. In Chapter [6] we will
only consider unimodular lattices and for the rest of this section we want to study

orthogonal groups of unimodular lattices.

Lemma 5.1.4. Let L be a unimodular even Z-lattice of signature (ty,t_) with
ti,t- > 2. Let z1, 2} and zy, 2}, be primitive isotropic in L with (z1,2]) = (22, 25) =
—1. There exists a v € SO(L)* with v(z1) = 22 and y(z]) = 25.

Proof. This is true for O(L): Let U; (resp. Uy) be the hyperbolic plane spanned by
z1 and 2z} (resp. 29 and 23). Then LNU; and LNUj" are indefinite unimodular even
lattices and hence, isometric to each other (see [55, Corollary 1.13.3]). Extending
any isometry between these complements by z; — 25 and 2] +— 2} gives an element
of O(L) with the desired property.

To prove the result for SO(L)T it suffices to show that O(LNU;i") contains elements

with all combinations of determinant and spinor norm. Since L N Ui splits a

hyperbolic plane, we find primitive isotropic w,w’ € L N Ui with (w,w’) = —1.
Then
det | spin
id 1 1
Owiw Ow—r | 1 -1
Cw—w! -1 1
O wtw! -1 -1
]

Let p be a prime. We shift our attention to lattices over Z,. We recall some
properties of Z,-lattices (cf. [55]). Let L, be a unimodular Z,-lattice of rank m. If
p is odd, then 2 € Z; so that L, must be even. Furthermore, it has an orthogonal
basis. If p = 2, we assume that L, is even, which implies that m is even. In either
case, if m is even, L, = U* where U is a hyperbolic plane over Z, and k = m/2.
Note that up to isomorphism there exists only one unimodular even Z,-lattice of

rank m.
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Lemma 5.1.5. Let U be the hyperbolic plane, spanned by the primitive isotropic
vectors z,2" with (z,2') = —1. Let u € Z). The automorphism o of U defined by

z—uz and 2 — u”'2' has determinant 1 and spinor norm u(Q))%.

Proof. The automorphism o is the product of the reflections at z — uz’ and z — 2/,

i.e. 0 =0, _,0, ... These reflections have spinor norms u and 1 respectively.  []

Lemma 5.1.6. Let Ly be an even Zs-lattice and let z,2" and w,w’ be primitive
isotropic vectors in Ly with (z,2") = (w,w") = —1. Then there exists a o € O(Ly)
which is a product of reflections of the form oy with X € Ly and q(\) € Z5 and

Fichler transformations with the property o(z) = w, o(2') = w'.

Proof. We write w = az + bz’ + X and w' = cz +d2' + p with \, u € Ly N 2+ N 2"+
and a,b, c,d € Zy. Then q(A\) = ab and q(u) = cd. We distinguish several cases:
First suppose w = z. Then (w,w’) = —1 implies that d = 1 and q(p) = ¢. The
Eichler transformation E? € SO(Ly)" maps z to z and 2’ to 2’ +q(pu)z + p = w'.
Now consider the case that b € Z5. Then q(z — w) = —(z,w) = b. Therefore, the
reflection at z — w has spinor norm b € Z; and maps z to w and we have reduced
this case to the first one.
If a € Z3, then the reflection at z — 2’ has spinor norm 1 and swaps z and 2z’ so
that we can reduce to the previous case.
Similarly, if ¢ or d is in Z;, we can swap w and w’ to reduce to one of the previous
two cases.
Finally, suppose that 2 divides all of a,b,c and d. Then 4 divides ab = q(\) and
cd = q(p) and

—1=(w,w'") = —ad — bd + (\, p)

implies (A, i) + 1 € 8Z,. Hence, the Gram matrix of A and p has the form

874 —1+ 82,
~1+8Z, 8Zy |
with determinant —1 mod 16Z,. In particular, (A, ) is a hyperbolic plane and
therefore contains an element § with q(3) = 0 and (3, \) = —1. Then £} € SO(L;)*

maps z to z and 2’ to 2’ + . Since (w,2'+5) = a+(w,B) =a+(\, ) =a—1 € Z5

we have again reduced to a previous case. O]

By the Cartan-Dieudonné Theorem any element of the orthogonal group of a
quadratic space over a field of characteristic not equal to 2 of dimension m is the
product of at most m reflections. It is easier to simply prove that the orthogonal

group is generated by reflections and the proof translates verbatim to O(L,) for odd

p.
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Proposition 5.1.7. Let p > 2. The group O(L,) is generated by reflections at \*
with A € L, and q(\) € Z).

Proof. Let Ay, ..., Ay, be an orthogonal basis of L, with q(A;) € Z). We use induc-
tion on m:

If m =1, then O(L,) = {£1}, which is generated by oy,.

Now let m > 1, assume that the result is true for lattices of rank < m and let
v € O(L,) be arbitrary. We set p = (). Then

q(A = p) + (A + ) =2q(M) +2q(p) =4q(M) € Z;

and at least one of oy,_, and o0y,4, is a well-defined reflection. One checks that
Oxn—p(M) = pand oy, 4,05, (A1) = p if it is well-defined. In either case we have
found a 0 € O(L,) which is a product of reflections such that oy fixes A;. By the

inductions hypothesis o7y is a product of reflections as well. O]
Proposition is in general not true for p = 2, but we have

Proposition 5.1.8. The group O(Ls) is generated by reflections at A= with X\ € Ly
and (X) € Z5 and FEichler transformations.

Proof. We can write
Ly = (2,2 ® (2, 2)*

for primitive isotropic z, 2’ with (z,2') = —1. Let v € O(Lsy) be arbitrary and set
w = 7y(2),w =~v(z'). By Lemma there exists a o € O(L,) which is a product
of reflections at elements in L, and Eichler transformations such that o(w) = z
and o(w’") = 2’. Therefore, o7y fixes (z, 2’} and can be considered as an element of
O({z,2)1). We use induction on k = m/2:

If k =1 then (z, 2)* is trivial and v = o~1.

If £ > 1 and the proposition is true for lattices of rank m — 2, then o+ is a product
of reflections at elements in Lo and Eichler transformations and hence the same is

true for 7. ]
From the previous two propositions immediately follows

Corollary 5.1.9. Let L, be a p-adic even lattice of even rank m. For any~y € O(L,)
we have spin(y) € 25 (Q))*.

Now let m be even and fix a basis (21, ..., 2k, 2, - . ., 21) of L, with

Q(Zz) = q(le) =0, (ZMZ;) =—1, (Ziv Zj) = (Ziv z;) =0
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fori,j=1,...,kand i # j,ie. (2,2

(2

Let | € Zvg and let 0 < [} < ... <[ <[ be integers. We define the lattice
Lb-il ag the sublattice of L, generated by

) is a hyperbolic plane for each i = 1,... k.

I i I—lg 1 =l
P <1y 2k, P By P Z1-

Proposition 5.1.10. Letl € Z~y and let M,, C L, be a sublattice that is isomorphic
to L,(p'). Then there exist unique integers 0 <1y < ... <ly <1/2 such that

M, € O(Ly)* Ly,

Proof. We prove the existence by induction on k.
If k =1 then M, is generated by two isotropic elements w,w’ € L, with (w,w') =

—p'. The only isotropic vectors in L, are multiples of z; or 2;. It follows that
15l
M, =L}

for some integer {; with 0 <1 < 1. The reflection o, ., € O(L)", which swaps z;
and z; has determinant —1 and spinor norm 1. Applying it to LI if necessary we
can assume that [; <1[/2.

Now let k > 1 and assume that the statement is true for k—1. We choose a primitive

isotropic w € L, with minimal Iy, where p"* is the order of
w+ M, € L,/M,.

Now let 1 € M, be any isotropic element. Then p = pliy! for some 4 > Iy and
p' € L,. Hence, for any A € L, we have

(PN, ) = pHAI (O ) € P, (5.1.1)

Since M, has a basis consisting of isotropic elements, equation (5.1.1]) also holds for
anisotropic u € M, and so for all € M,. This implies p'~"\ € M, since M,(p~")
is unimodular. Now let w' € L, be primitive isotropic with (w,w’) = —1. Then

(p"w, p~1w’) lies in M, and defines a hyperbolic plane rescaled by p’. We have
L, = (w,w') @ (w,w')*
and since M, = L,(p'), this implies
M, = (p"w,p' ') & M,
where ]\710 is isomorphic to ivp(pl) and ivp = (21, 1)t = (w,w')*. By the induction
hypothesis there exist integers 0 < Iy < ... < <1[/2 such that

— ool
M, =~ (Lp )
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for some v € O(/L\;)J“. We extend ~ to an element in O(L,) by
21— w
2
Then
My = (v

and by Proposition u = spin(y) € Z;(Q))?. Let ¢ be the element from
Lemma with z = 21, 2/ = z|. Then

M, = VU(Lll """ lk)

and yo € O(L,)". Note that [; <ls, since w was chosen with minimal order.
To show uniqueness assume that there are integers 0 < [; < ... < [, < [/2 and
0<1; <...<l, <1/2such that there exists some v € O(L,)" with

Li;""’lk;l — ,Y(L? 7777 l;g;l)'

sl

Then v defines an isomorphism of the finite groups L, /LY and L,/ L we
have
k
L/ Ly = D/ Z & 2y )
i=1
I -
Lyeeslisl A ’ I
Ly/Ly " = @2/ Z o 2/ Z)
i=1
and these groups are isomorphic if and only if (I1,...,4) = (I},...,1}). ]

Finally, we will need the following lemma for the case when [, < /2.

Lemma 5.1.11. Let | € Z+y and let 0 < |} < ... < Iy < 1/2 be integers. Let
M, = LWt If v € O(Lp) with y(M,) = M, then det(y) = 1.

Proof. Let v(2;) = a;z1 + \i, ¥(2}) = dizy + N with A\j, N, € 2{t for i =2,... k and

(2

Y(z1) = S8 (bizi + b,2]). Since v(M,) = M, we must have
pi by and  ptThTh 0L

We can assume that b; = 1:

Since [y + I; < 2l; < I, b, is divisible by p for all i. Hence, there exists some ¢ such



144 CHAPTER 5. ORTHOGONAL MODULAR FORMS
that b; € Z), which implies I; = [;. Then o € SO(L,) given by

21 Z;

2 2l
Zi k21

/ /
Zif—>21

satisfies o(M,) = M,. Replacing v with oy we can therefore assume that b, € Z, .
Multiplying the element from Lemma with 2z = 21, 2/ = 20 and u = b; ' to v
from the left, we can assume b; = 1.

We can assume that y(z1) = 21:

Let = 3% ,(biz; + 2}). The Eichler transformation E,ii € SO(L,)™ maps 2| to
2y and 21 to 2 +q(p)2] + p and so

EZ~(z1) = 21+ (W) — a(p)) 2

since (Eﬁi)_1 = Ei. In fact, since Eify(zl) is isotropic, we have b} — q(u) = 0.
Furthermore,

B2 (p"z) = phz + p ()2l — o' p

k

=phz +ph a(p)zy — Z(pllbizi —|—pl1b;2‘;> € M,
i=2

B2, (0 702) = p e e M,
because of the conditions on b; and ¥, stated above (Note that p!=2t | q(u)). For
1> 1 we get

Eiiu(plizi) =pliz +pl"b;zi € M,
Ei(pl_lizg) =p' 7zl +p' 2] € M,
where we again used the conditions on b; and b;. Replacing v with Ei’y we can
therefore assume that v(z1) = 2.
We can assume that a; = a; = 0:
The Eichler transformation Ei;am € SO(L,)" maps 2 to 2} and z; to z; — a;2; and

SO
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with \; € 2+, Furthermore,

E—Zaizl (pllzl) = pllzl € Mp
B (0712 = p i+ hai) € M,
E—{aizl (pllzz) = plizz —pra;z € Mp
Eilaizl (pl llzz{) = pl_llzzl' € M,

and
Eiiaih (pljzj> = pljzj € MP

E*,. (0702 =p b2 e M,

—a;z1

for j ¢ {1,1}. Therefore, we can assume that a; = 0. Employing Efagz1 we can also
assume a; = 0.

We have showed that we can assume 7y(z1) = z;. Since (y(z1),7(z])) = —1, we
must have y(z]) = 21 + q(A)z; + A for some \ € 2§ N2/, We have also showed
that we can assume that for any p € 2 N 2+ we have y(u) € 21 and (y(p), 21) =

(v(p), (1)) = (1, 21) = 0, i.e. v preserves z;- N 2. But this implies

0= (21,7 () = (y(21), ) = (1 + ANz + A, ) = (A, )

and so A = 0. In summary we have showed that we can assume that v(z;) = 2,
(1) = 2} and y(zf N 27H) = 2 N 2t By induction we can thus assume that v is

the identity and hence, has determinant 1. O]

5.2 Modular forms for orthogonal groups

We will now recall some results on orthogonal modular forms. References are [11]
or [15].

Let L be an even Z-lattice of signature (n,2) with bilinear form (-,-) and
quadratic form q(A) = (A, A)/2 for A € L. We assume n > 3 and that L ® Q
splits two hyperbolic planes (This is always true if n > 5).

The complex manifold
K ={[21] € P(Lc) | (Z1, Z1) = 0,(Z1, Z1) < 0}

has two connected components, which are exchanged by complex conjugation of
Zr. We choose one of them and denote it by K. The action of GO(L¢) on L¢
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induces an action on K. For a subgroup I' € GO(Lg) one finds that the subgroup
preserving £t is ' N GO(Lg)™.

We describe the boundary of K™ in N := {[Z;] € P(L¢) | (Z1,Z1) = 0} (cf.
[13]).

Definition 5.2.1. The boundary of KT in N is given by
K" ={[Zt) e N | (Z1,Zr) = 0}

and for [X +4Y] € OKT the vectors X, Y span an isotropic subspace of Lg which is
either 1- or 2-dimensional. In fact, the isotropic subspaces F' C Ly correspond to

the boundary points of Xt in the following way.

(i) Let FF C Lg be an isotropic line. Then F' represents a boundary point of
KT. A boundary point of this type is called special, otherwise generic. A set
consisting of one special boundary point is called a zero-dimensional boundary

component.

(ii) Let F' C Lg be a two-dimensional isotropic subspace. The set of all generic
boundary points which can be represented by an element of F' ®g C is called

the one-dimensional boundary component attached to F'.

A boundary component is called rational if the corresponding isotropic space
F' is defined over Q. We denote the set of all rational boundary components by
P and write K™ == K* U Ugep C. The group O(Lg)™ acts on K. Let I' C
O(L)™ be of finite index. The projective variety Xt = I'\K ™ is the Bailey—Borel
compactification of I'\K* and the elements of I'\ P are called the cusps of Xr.

We denote by A(KT) the affine cone over .

Definition 5.2.2. Let I' C O(L)™" be of finite index, k € Z and x a character of T'.
A meromorphic function ¢: A(KT) — C is called a meromorphic modular form of
weight & and character x for T if for all Z;, € A(KT)

(1) ¥(tZy) = t=*p(Zy) for all t € C*,
(i) ¥(vZr) = x(M)(ZL) for all y € T,
(iii) ¢ is meromorphic at the boundary.

If ¢ is actually holomorphic on A(KX*) and at the boundary, it is called a holomor-

phic modular form.
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We remark that more generally one can define modular forms of half-integer
weight. Then one would have to work with covers of Kt (see [11]).

Note that, since we assume n > 3, by the Koecher principle, the boundary
condition is automatically fulfilled when v is meromorphic (resp. holomorphic) on
A(KT).

Let z € L be a primitive isotropic vector and 2’ € Lg isotropic with (z, 2') = —1,
which exists since we assume that Lg splits two hyperbolic planes. Note that z
represents a 0-dimensional boundary component of K. We denote K = LNztNz*
and let

H., ={Z=X+iY e K@, C| (YY) <0}

For Z € H;Z, we define Z;, = Z 4+ 2/ + q(Z)z. Then the map Z — [Z] is a
biholomorphic map from Hiz/ to L. We let H. .» be the component of Hifz, that
is mapped to K. We will often simply write #H instead of H, ... We remark that

H = K ®z R +iC, where C is one of the connected components of
{Ye K@zR| (YY) <0}.

The action of GO(Lg)* on KT induces an action on H. Let v € GO(Lg)" and
Z € H. Then v(Z1) = j(v,Z2)(vZ)r with j(v,Z) = —(y(ZL), z) € C*. The factor
j(7v, Z) satisfies the cocycle relation

iy, Z) = j(n,722)j(v2, Z).

For a modular form ¢ we define the function ¢,: H.,, — C by ¢.(Z) = ¢¥(ZL).
Then

$.(vZ) = j(7, Z) x(7)¢-(2) (5.2.1)

for all v € I'". Conversely, given a meromorphic (resp. holomorphic) ¢, : H, ., — C

which transforms as (5.2.1), we can define a modular form ¢ by setting ¥ (tZ;) =

t*y.(2).
For any function ¢,: H, . — C and v € GO(Lg)* we define

U V(Z) = s(NF2j(v, Z) P (v 2).

Note that for a scalar v = a -id € GO(Lg)* we obviously have [Z.] = [y(ZL)] and
therefore vZ = Z and j(v,Z) = —(aZr,z) = a = \/s(y). We thus have

¢z|k[7] =1,

for all scalar ~.
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Let © € K. Then the Eichler transformation E7 is in SO(L)*. Let Z € H. ...
Then
E(Zy) =Zr+p+ (Ze, )z +a(p)z = (Z+p)r

and therefore E5Z = Z + p and j(E7, Z) = 1. It follows that a modular form with

trivial character for SO(L)"™ has a Fourier expansion

AEK'

in a neighborhood of z. For general congruence subgroups we have to consider
appropriate sublattices Ky C K.

We remark that the holomorphicity of ¢ at the boundary is equivalent to the
condition that a,()\) # 0 implies that A € C in the Fourier expansion of ).

Let w € K be a primitive isotropic vector and choose w’ € Kg isotropic with
(w,w’") = —1, which again exists since we assume that Lg splits two hyperbolic
planes. Then Qz+ Quw defines a one-dimensional rational boundary component. By
potentially replacing w and w’ with their negatives we can assume that w+w" € C.
Then

HxH—H, (1,7) = 7w+ 7’0’

defines an embedding of the product of two usual complex upper half-planes H into
‘H. For 7 = it we find

lim [(itw + 7'w") ] = lim [itw 4+ 7w + 2" —it7T'z]
t—o0 t—o0
/ !/

-
= lim[w+ —w' + = — 7'z
t—m{ it it ]

=[w—1'2] € 0K+

and the one-dimensional boundary component represented by Qz + Qw can be
identified with a usual upper half-plane. The projection of a modular form to a
one-dimensional boundary component is called the Siegel ®-operator and is given
by

Y|Py H— C, 7 tiiinoo W, (itw + Tw').

We set M = K Nw* Nw'* and note that M is positive-definite. For more details
on the cusps of Xt cf. [13].

Now we assume that L splits of two rescaled hyperbolic planes so that
L={(z,NZ") & (w, Nyw') & M

for some Ny, Ny € Z.
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Let g = (2Y) € SLy(R). We define an element g € O(Lg) by

2 az — cw,
2= bw’ +dY
w— —bz + dw,
w' — aw' + ¢,
A— Afor A€ M.

The map ¢ — § is continuous since it is linear as a map from R?*? to R(?+2)x(n+2),
Therefore, g is in the identity component of O(Lg), in particular g € SO(Lg)" and
for g € SLy(Z) we have § € SO(Lg)™. Now g € SO(L)* if and only if N1/(N1, N2) | ¢
and Ny/(Ny, No) | b, i.e. if (23) € To(N1/(N1, N2)) NTO(Ny/(Ny, N)).

Proposition 5.2.3. Let the notation be as above and let i) be a holomorphic modular

form with trivial character for SO(L)" and Fourier expansion
v(2) = ) aNe(=(A, 2)).

AEK'
Then | P 1 s a modular form of weight k for To(Ny/(Ny, No))NT(Nay/ (N1, No)).
Its Fourier expansion is given by

Vo | Py (T) = Z a(nw/Ny)e(nt/Nsy).
n>0
Proof. Let g = (2%) € To(N1/(N1, N2)) NT°(Ny/(Ny, N2)). Then
b
.| Doy (‘” i b> — lim ¢, (z’tw G ’)

N w
ct+d t—4o0 cT+d

t——+o0

b b
= lim <itw—|— Z:idw'—i-z' —iti:j_—dz>

= (cT + d)k lim

t—r+o00
((er + d)itw + (at 4+ b)w' + (c7 + d)2" — it(aT +b)2)
= (et +d)* tEeroow(g(itw + 1w’ + 2 —itTz))
= (et +d)* tlggo Y, (itw + Tw')
= (T + d)*1p,| @y (7).
We consider the Fourier expansion

V| P (T) = lim 1, (itw + Tw0')

t——4o00

_ Z a(\) lim e(—(X,itw + Tw')).

- t—+oo
AEK'NC
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The dual lattice K’ is N%Zw + Zw' + M’, where M’ is the dual of M. Therefore

| P (T) = Z a(nw /Ny +mw' + p)e(nt/Ny) lim e~
n,m>0 free
peM’

a(m) <y

= Z a(nw/Ny)e(nt/Ns),
n>0
where in the last step we used that the limit is zero for m > 0 and M is positive-
definite. ]

If ¢ transforms with character det, it is trivial on all boundary components

corresponding to achiral lattices.

Lemma 5.2.4. Let the notation be as above and let ¢ be a modular form for O(L)*
with character det. If there exists ay € O(M) with det(y) = —1, then ¢,|®y, . = 0.

Proof. We extend v to an element in O (L) by letting it act trivially on L N M*.
Let Z =itw+7w'. Then j(v,2) = —(v(Z+ 2 —itrz),2) = —(Z+ 2 —itrz, z) = 1.
Therefore,

Q/}zlq)uJ,uJ’(T) = lim ¢z (th + Tw,)
t—+oo

= det(y) lim_¢.[x[3](itw + Tu)
= det(y) tginoo Y, (itw + Tw'")

= det (7)1, | oy (T).

5.3 Borcherds products and a converse theorem

In [7] Borcherds constructed a lift from modular forms of weight 1 —n/2 for the Weil
representation of Mp,(Z) to meromorphic orthogonal modular forms for finite index
subgroups I" of O(L)* (see [7, Theorem 13.3]). These orthogonal modular forms have
product expansions at 0-dimensional cusps and are therefore called automorphic
products or Borcherds products.

In this section we want to describe the Borcherds lift. We will then apply
Theorem [4.3.7] on the vector-valued basis problem to show that the space of lo-
cal obstructions for constructing Borcherds products generates the space of global
obstructions. This extends Theorem 5.4 in [13].
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Recall Definition of modular forms for the Weil representation. We also
want to allow meromorphicity at the cusps. For k € %Z and a discriminant form
D we let M} (D) be the space of holomorphic functions f : H — C[D] such that
flel(M, @) = pp((M,¢))f for all (M,p) € Mpy(Z) and f is meromorphic at the
cusp 0.

There is a natural map O(L) — O(L'/L) and for a f € M},(L'/L) we denote

O(L, f)T ={y e O(L)" | v f = f}.
Now we have

Theorem 5.3.1 (Theorem 13.3, [7]). Let L be an even lattice of signature (n,2) and
fe M’l_n/2(L’/L) with integer Fourier coefficients c(~y, m) for m < 0. Then there is
a meromorphic function V(- f) on A(K") called the multiplicative Borcherds lift
with the following properties.

1. (- f) is @ modular form of weight ¢(0,0)/2 for the group O(L, f)* with
respect to some unitary character x of O(L, f)*.

2. The only zeros or poles of Wy lie on the rational quadratic divisors \* for

A € L with q(X) > 0 and are zeros of order

> clxh —zq(N))
0<zeR
TAEL’

(or poles if this number is negative).

3. If ¢(0,0) = n — 2 then the only nonzero Fourier coefficients of Wy, correspond

to vectors of K of norm 0.

4. For each primitive norm 0 vector z of L and for each Weyl chamber W of K
the function V,(Z; f) has an infinite product expansion converging when Z is

in a neighborhood of the cusp of z and 'Y € W which is up to a constant

H H (1—e(—(u,2") — (N 2)))° (= a(V)

MeK' pel'/L

(AW)>0 TIPSO

where p s the Weyl vector corresponding to W'.

We remark that for ¢(0,0) odd we get orthogonal modular forms of half-integer

weight, which we have not defined in this text.
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For the rest of this chapter let L be an even lattice of signature (n,2) with even
n > 3 and assume that L splits two hyperbolic planes IIy ; & Il ;. Let I' € O(L)*
be of finite index.

A divisor on Xr is a formal linear combination > nyY (ny € Z) of irreducible
closed analytic subsets Y of codimension 1 such that the support UnY 2Y Is a
closed analytic subset of everywhere pure codimension 1. For any vector A € L’ of
positive norm the orthogonal complement of A in Kt defines a divisor A+ on V.
Let B € L'/L and | € Z + q(f) with { > 0. Then

H(B,1)= Y At

AeB+L
a(A)=l

is a T-invariant divisor on K*. It determines a divisor on I'"\C* and by taking
the closure also on Xr. Following Borcherds we call this divisor Heegner divisor
of discriminant (,1). Note that H(S,l) = H(—p,1). It defines an element of the
divisor class group Cl(Xt), which is the group of divisors modulo linear equivalence.
Two divisors are called linearly equivalent if their difference is principal, i.e. the
divisor of a meromorphic function on Xr. The Picard group Pic(Xr) of X is the
group of isomorphism classes of line bundles on Xt with the inner product given
by the tensor product. We have Pic(Xr) < Cl(Xr), so that we can write any line
bundle as a divisor.

Let ' C L ®7 Q be any 2-dimensional isotropic subspace and let F C L ®z Q
be a complementary subspace such that F + F is the sum of two hyperbolic planes.
We assume that (F + F)N L = II,; ® II,; and set M = LN F+-N F-. Then M
is positive-definite of rank n — 2 and D := L'/L = M’'/M. There exists a natural
isomorphism 7 : D — M’/M induced from the projection from L’ to M’. Let s be
a generic boundary point on the 1-dimensional boundary component corresponding
to F'. We define the local Picard group of Xr in s by

Pic(Xr, s) = lim Pic(Useg),

—

where U ranges through all open neighborhoods of s and Uy, = U N (I'\KT). For
[ = PNT, where P C O(L ®z R) is the parabolic subgroup stabilizing F' ® R,
we can consider the pullback of divisors on T'\C™ to divisors on I'y,\U, for certain
neighborhoods U, (cf. [I3] Section 4]). The pullback of H(f,1) is denoted by Hg(f,1)

and will be called a local Heegner divisor. One can show that

Hp(B,0)= Y A
AE(B+L)NFL
a(N)=l



5.3. BORCHERDS PRODUCTS AND A CONVERSE THEOREM 153

and Hp(B,1) defines an element of Pic(Xr,s) (for details see [13]). The following

proposition was shown in [13].

Proposition 5.3.2 (Proposition 5.1, [13|). A finite linear combination of divisors

—Z > cBDHF(B,)

BeD 1eZ+q(B)
>0

(with ¢(B,1) € Z and c(B,1) = c(—=p,1)) is a torsion element of Pic(Xr,s) if and

only if
Yo Y B ax(B),1) =0

BED I€Z4q(B)
>0

for all theta series 0y p with spherical polynomial P € Hi72 and Fourier coefficients
a(B,l) (Be M'/M andl € Z + q(B)).

Let from now on I' = ker(O(L) — O(L//L)) N O(L)" be the discriminant kernel
of L. By Theorem the Borcherds lift of a f € M| /Q(D) is a meromorphic
modular form for the group I'. Its divisor is a linear combination of Heegner divisors.
The following characterization can be found in [I3, Theorem 5.2] and goes back to
Borcherds (cf. Theorem 3.1 [§]).

Theorem 5.3.3 (Borcherds). A finite linear combination of Heegner divisors

3 Y canHED

BeD IeZ+q(B)
>0

(with ¢(B,1) € Z and ¢(B,1) = c(—p,1)) is the divisor of a Borcherds product for
the group I if and only if for any cusp form f € Siy,2(D) with Fourier coefficients

a(B,1) the equality
> > B Da(B ) =0

BeD leZ+q(B)
>0

holds.

According to Theorem the space Sij,/2(D) carries some information on
the subgroup of Pic(Xt) generated by the divisors of Borcherds products, while the
space generated by the theta series 0y p carries information on the local Picard
group Pic(XT,s). So when the theta series span the space of cusp forms, then we
can infer that a linear combination of Heegner divisors is the divisor of a Borcherds

product if and only if it is locally trivial.
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Definition 5.3.4. A divisor H on Xt is called trivial at generic boundary points
if for every one-dimensional irreducible component B of the boundary of Xt there

exists a generic point s € B such that H is a torsion element of Pic(Xr, s).

The following result was suggested by Jan Bruinier and generalizes |13, Theorem

5.4] to non-unimodular lattices.

Theorem 5.3.5. Let L be an even lattice of signature (n,2) with evenn > 8 splitting
two hyperbolic planes Il 1 & I, 1. Assume that the discriminant form D = L'/L
satisfies the conditions of Theorem [{.3.7 for m =mn — 2. Let

H=1Y Y nHED

6€D lEZ+q(B)
>0

be a finite linear combination of Heegner divisors H(B,1) (with coefficients ¢(5,1) €

Z). Then the following statements are equivalent:

i) H is the divisor of a Borcherds product for the group T'.

it) H is the divisor of a meromorphic automorphic form for T.
iii) H is trivial at generic boundary points.

Proof. The modularity of a meromorphic modular form ¢ for the group I' imme-
diately implies that the divisor (1) attached to 1 is trivial at generic boundary
points. Therefore, we only need to prove (iii) implies (i). So assume that H is
trivial at generic boundary points. Note that, since L splits two hyperbolic planes,
the genus of L contains only one class and the natural projection O(L) — O(L'/L)
is surjective (cf. [55, Theorem 1.14.2]). So by proposition [5.3.2)

2. > o« ) =0

BeD 1eZ+q(B)
>0

for any cusp form f € Oy, 145/2(D) with Fourier coefficients a(3,1) (8 € D and
l € Z+ q(B)). Now according to Theorem Om,14n/2(D) = Si4n/2(D) and so
Theorem [5.3.3| implies that H is the divisor of a Borcherds product. O]

As a corollary we find for lattices L that satisfy the conditions of Theorem [5.3.5
that any meromorphic modular form for the discriminant kernel of L, whose divisor
is a linear combination of Heegner divisors, is a Borcherds product. This was already
proved in greater generality in [I1], however, using an entirely different argument,

which says nothing about the local Picard groups.



Chapter 6
Orthogonal Hecke operators

In this chapter we will investigate orthogonal Hecke operators. While Hecke oper-
ators acting on modular forms for symplectic groups have been studied intensively,
orthogonal Hecke operators have only recently been investigated (see [33] and [43]).
First we will study the Hecke algebra of double cosets of orthogonal similitude ma-
trices. In particular, we will prove two elementary divisor theorems describing a
canonical representative of a given double coset. Next we prove some results on the
Hecke operator 7 (p). We will give an explicit decomposition of the corresponding
double coset into right cosets and describe how this operator commutes with the
d-operators.

This chapter is based on joint work with Moritz Dittmann and Nils Scheithauer
(cf. [22]).

Throughout this chapter we let L be an even lattice of signature (n,2) withn > 3
and with bilinear form (-, -) and corresponding quadratic form q(A) = (A, \)/2. We
assume that L is unimodular. Therefore, L splits two hyperbolic planes II; 1 @ II; 4
and n =2 mod 8. We also assume that the character x is either trivial or equal to
det. If ¢ is a modular form of weight k& and character x for O(L)", then v is also

a modular form without character for SO(L)". If x = det we extend this character
to GO(Lg) by x(a) = sgn(det(c)).

6.1 The orthogonal Hecke algebra

Let us first recall some facts about Hecke algebras as introduced by Shimura. A

nice reference is [30)].

Let G be a group and I' C G be a subgroup. We say that (I', G) is a Hecke pair

155
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if for all @ € G the double coset I'al’ is the union of finitely many right cosets

h
Tall = U Ta;.

=1

Now let Z(I',G) and S (I',G) be the free Z-modules generated by the elements
of I'\G and I'\G/T respectively. An element a € G acts on Z(I',G) by right
multiplication. We denote by

LT, ={TeZLT,G)|Ty=Tforyel}

the submodule of I'-invariants. Then the map given by

h
Tal Z La;

=1

defines an isomorphism J# (T, G) = £ (T, G)' and we will identify these two mod-
ules. Let a,b € G and

Tal' = | JTa;, TOL =| JT;.
i J

We define the product of I'al’ and I'6I" to be

(Fal) - (T0F) = > "Ta;b; € Z(T,G).

i’j

Clearly, (Fal') - (T0T) € Z(T', G)" and so this extends to a well-defined product on
(T, G). We get

Theorem 6.1.1. The Hecke algebra 77(I',G) of the pair (I',G) is an associative
Zi-algebra with one-element I'1I' =T'.

An antihomomorphism of the pair (I, G) is a map
G—G, aw—ad,
with the properties
(i) (a) = a,
(i) (ab) =0'd,

(i) ae T = d €T,
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We can extend an antihomomorphism of the pair (I',G) linearly to a map on
(I, G). If for every a € G we have I'al' = I'a'T", then the extension to (I, G)
is just the identity and so for T, Ty € (I, G) we have

T, = (VD) = TyT] = TyT.
Thus, we have

Theorem 6.1.2. If the Hecke pair (I', G) has an antihomomorphism with the prop-
erty Dal' = T'd'T for every a € G then (I, G) is commutative.

We now want to show that the pairs

(L)

O(L)", GO(Lg)")
SO(L), GO(Lg)+);
SO(L)", GO(Lg)1)

are Hecke pairs. Let (I', G) be one of the four pairs above. Note that for any a € G,
for some N € Z we have Na(L) C L. If

h
ol = U Loy

i=1
then also

h
INal = U I'Na;

i=1
for any N € Q. In order to show that I'\['al' is finite, we can therefore always
assume that «(L) C L. Let m € Z~y. We denote

G(m)={aeG|a(l)C L, s(a) =m}

and recall that L(m) = \/mL is the lattice isomorphic to L with the bilinear form
rescaled by m. We have

Lemma 6.1.3. Let m € Z~y. Then L(m) is an even lattice and

L(m)'/L(m) o @ (pk)+(n+2).

pkllm

If « € G(m), then a(L) = L(m) and ma™' € G(m).
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Proof. Since L is unimodular, (y/mL)" = \/LEL. So as groups
L(m)'/L(m) = (Z/mZ)""*

and the level of L(m) is clearly m so that we can write

~ ep(n+2)

Lim)/Lm) = €D ()"
prlm

The determinant of L(m) (determinant of any Gram matrix of L(m)) is m™*2. If
we write m = m/p® with (m/,p) = 1, then ¢, = (#) = +1 since n is even (cf.
[20, Chapter 15, eq. (29)]).
If @ € G(m), then \/ma™" defines an isometry a(L) = \/mL. Now (L) C L C
a(L)" and since L(m)’/L(m) has exponent m, also mL C (L), hence ma~'(L) C L.

Therefore, ma~! € G(m) since s(ma™') = m. O
Whether the above pairs are Hecke pairs is essentially equivalent for the four

pairs.

Lemma 6.1.4. Let a; € GO(Lg)T(m) for i € I for some index set I. Then the

following are equivalent
(i) GO(Lg)(m) = U,e; O(L)ey is a disjoint union.
(i) GO(Lg)*(m) = U,c; OT (L)ey is a disjoint union.
(iii) GO(Lg)+(m) = U;c; SO(L)oy is a disjoint union.
(w) GO(Lg)i(m) = U,c; SOT(L)a; is a disjoint union.

Proof. Let (I',G) and (IV, G') be two of the four pairs. Assume that the assertion
holds for (I', G). We want to show that it also holds for (I, G").

Let a € G'(m). There exists an element v € O(L) such that ya € G(m). Hence,
there exist i € I and 7 € I such that v'o; = va and v '4a; = a. Because
a; € GO(Lg)E(m), we find spin(y~'v') = spin(a) and det(y~'y') = sgn(det(a)) so
that v~ 19 € I

Now assume that a € I"o; NI for some 4, j € I. Then there exist +;,v; € I such
that v,; = a = v;a;. Therefore, o; = 7; 'y, and spin(y; '7;) = det(v; ;) = 1,
so that v; 'y; € SO(L)* C T and i = j. O

For two lattices L, M we define
{McCcL}={KCL|K=M},

i.e. the set of sublattices of L isometric to M. We have
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Proposition 6.1.5. Let (I', G) be one of the pairs above and let m € Z~qy. Then
The maps

¢1: G(m)/T' = {L(m) C L}

a— a(l)
and

¢z : T\G(m) = {L(m) C L}
o — ma (L)

are bijections.

Proof. By Lemma the map

i:\G(m) — G(m)/T

a— ma

is a bijection and ¢5 = ¢; o 7. So it suffices to prove the statement for ¢;. We first
consider the case (I', G) = (O(L), GO(Lg)).

The map is well-defined by Lemma [6.1.3] Now let M € {L(m) C L}. By definition
there exists an isometry « : L(m) — M. One verifies that a(y/m-) € G(m). So ¢,
is surjective. Now assume that for ay,as € G(m) we have ay(L) = az(L). Then
ay ' (a1(L)) = L, so that ay ' o a; € O(L) and ¢; is injective.

Now let (I', G) be arbitrary. By Lemma the natural inclusions

SO(L)"\ GO(Lg)7(m) — I'\G(m) — O(L)\ GO(Lg)(m)
are bijections and the statement follows from the first case. m
Now we have

Proposition 6.1.6. The pairs

are Hecke pairs.
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Proof. By the previous proposition it suffices to show that for any m € Z-, the set
{L(m) C L} is finite. Note that up to isomorphism there exists only one unimodular

lattice of signature (n,2) and so

i
{L(m) c L} X {L(m) € M C L(m)" | M is unimodular}
— {H C L(m)'/L(m) | H self-dual, isotropic}

are bijections. Since L(m)'/L(m) is a finite module, the last set is finite. O

We are in particular interested in the Hecke pairs
(O(L)",GO(Lg)") and (SO(L)*,GO(Lg)T)

Let (I'; G) be one of the two and let x be trivial or det. Let ¢» be a modular
form of weight k£ and character y for I'. For a € G and

h
Cal = U Lo

i=1
we define

h
Yelelal =~ x(oy s |kla]
i=1
and extend linearly to (I, G). Since 1, is invariant under I', this is well-defined.
We get

Theorem 6.1.7. The Hecke algebra 7€(T',G) acts on the space of modular forms
of weight k and character x for T

Proof. Let a« € G and o; € G fort = 1,...,h be as above. We can choose «; such
that x(o;) = +1foralli=1,...,h. Let y € I'. Then oy = v’y with x(7') = x(7)

because aq, ..., qay is a full system of representatives of I'al’. Thus,

h h
Vollallily] = Y vlilan] = Y wallas] = x(y)¢:lilal,
=1 =1

where i — ¢’ is a bijection. ]

Since scalar multiples of id transform trivial under the slash operator, again, it
suffices to consider o € G with a(L) C L.

From now on we set I' = O(L)*, T'y = SO(L)* and G = GO(L)*, G, =
GO(L)T. Clearly M(T', x) C My(T'y, 1) and so Endc (M (T, x)) C Ende(M (T4, 1)).
We find
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Proposition 6.1.8. The map I'al' — T'al' N G4 defines an inclusion of Hecke
algebras (', G) — A (I'y,Gy) and the diagram

H (T, G) ——— Endc(M(T', x))

I /

%(F"F?G‘i‘) — EndC(Mk(F-Hl))
commutes.
Proof. Let a € G and let
h
Tol' = | JTo;
i=1
be a disjoint union. We can assume that det(a;) > 0 for all i € {1,...,h}. Then

h
Tol'NGy = | JTioy

i=1
is a disjoint union and
h
Y Tia;e 2T ,Gy).
i=1
Now suppose that for a;,as € G we have F'ay[' NGy =TasI' NGy, Let a € T
be arbitrary. If « € G, then @« € TayI'N Gy =Tal' NGy C Tapl. If det(a) < 0,
let 0 € I' be any element of determinant —1. Then ca € G, and so ca € Tasl'.
Hence, also a € I'axI'. This implies 'y I' = T'ap I O]

Two elementary divisor theorems

We now want to prove elementary divisor theorems for the orthogonal groups O(L)*
and SO(L)" similar to [30, Hilfssatz IV.1.12] for the symplectic group. This means
that for each double coset in I'\G//T" (resp. I';\G/T'}) we want to find some canon-
ical representative. By Proposition [6.1.5] for any m € Z-, the following maps are

bijections:
¢1: I\G(m)/T" = ~\{L(m) C L},
¢1: D\Gy(m) /Ty =~ \{L(m) C L},

where My ~ M, (resp. My ~, M,) if and only if there exists ay € I (resp. v € T'y)
We define L, = L ®z Z, and for each p we fix a basis

(21)--'77;/@722;7"'721)
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of L, with k =n/2+1 as we did in Section [5.1] i.e.
q(z) =a(z) =0, (z,2)=—-1, (z,%) = (2,2) =0

for i, = 1,...,k and ¢ # j. Now let m € Z-y with prime decomposition m =

[Tp»™. Let a; | ... | ax | m with prime decompositions a; = []p*»(%). We define

To use the local results of Section [5.1]in the global setting we will need (cf. [17,
Chapter 10, Section 7])

Theorem 6.1.9 (Strong Approximation Theorem for the Spin Group). Let L be
an indefinite Z-lattice of rank at least 3. Let V = L ®z Q. For every prime p let
O, be a non-empty open subset of SO(V ® Q,)* such that O, = SO(L ® Z,)" for
almost all p. Then there is an isometry o € SO(V)T such that o € O, for all p.

Generally speaking, approximation theorems are in some sense a generalization
of the Chinese remainder theorem to algebraic groups G over global fields k. We
want to note that an analogous statement to Theorem for the group O(V)*
does not hold.

Now we have

Theorem 6.1.10. Let M C L with M = L(m) for some m € Z~o. Then there

exist unique integers ay | ... | ax | m with a? | m for i < k such that
M € SO(L)*t L™,

Proof. For a prime p by Proposition [5.1.10] there exist integers [; < ... < [ <
vp(m)/2 such that
M, € O(L,)t Lit--tsrlm),

Now let
O, = {y € O(Ly)" | My = (L")},

If I, < vp(m)/2, then by Lemmal5.1.11|the determinant of a v € O does not depend
on the choice of 7. If det(y) = —1, we replace [, by [ — ;. Then any element in O,
is of the form vo, ./, with v as before and O, C SO(L,)". If l; = v,(m)/2, then
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l1,eeey s . .
sz fixes Ly " (M and so O, contains elements of determinant 1 and —1. In

either case we have
0 # O, :=0,NSO(L,)" C SO(L,)*
for all p and O, = SO(L,)* whenever p{m. Note that SO(L,)" and SO(M,)" are
open since Zj, is open in @Q, and hence,
O, = SO(L,)" NSO(M,) "~

is also open, where v is any element in O,. By the Strong Approximation Theorem
for the Spin Group there exists a v € SO(Lg)™ such that v € O, for all primes p.
By [41], Satz 21.5] we then have

M = (\(M, N Lg)
_ﬂ Lll ,,,,, lkqu)ﬂLQ)
= (g 0 1)
— ’}/(Lal ..... ak;m)

with a; = ] p%. Note that I; = 0 for almost all p. An analogous calculation shows

that v € SO(L)". The uniqueness of the integers a; follows from the uniqueness of

We can deduce the corresponding theorem for O(L)* from the theorem for
SO(L)*. We will need

Lemma 6.1.11. Let M C L with M = L(m) and let ay | ... | ax | m be the
integers from Theorem |6.1.10 corresponding to M. Furthermore, let o € O(L)" be

any element of determinant —1. Then
U(M) E SO(L)+L(l1,...,ak71’m/ak;m.

Proof. Let p be any prime and let O, be as in the proof of Theorem [6.1.10| corre-
sponding to M and let Of be the analogous set corresponding to o(M). We write
l =v,(m) and l; = v,(q;) for i =1,..., k. Then

0 # 00,0,y = {7 € SO(L,)* | o(My) = y(Libori=bil)}

. Ry Y 2l T AN o PN
since 0, . (Ly ) =L

and so

[
Op = O’OPO'Z,C,Z;C.

But this implies that the invariants corresponding to o(M) are ay,...,ax_1,m/a.
]
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Theorem 6.1.12. Let M C L with M = L(m) for some m € Z~o. Then there

exist unique integers ay | ... | ay | m with a? | m for i < k and ar < /m such that
M € O(L)* Lovawim,

Proof. Let ay | ... | ax | m be the unique integers from Theorem [6.1.10| correspond-
ing to M and let o € O(L)" be any element of determinant —1. By the previous

proposition M € o SO(L)* L =1m/asm and in particular
M e O(L)+La1 ~~~~~ apym O(L)+Lal,...,ak,l,m/ak;m.

The set {ax, m/a;} contains exactly one element < /m. This proves the theorem.
O

Note that in the case of O(L)* the invariant a; depends on the choice of basis
for L,. Swapping the last two basis vectors of L, for some prime p while keeping
the basis for all ¢ # p changes v,(ay) to v,(m) — v,(ay) while keeping all v,(ay).

From the elementary divisor theorems follows
Theorem 6.1.13. The Hecke algebras (I, G) and (L', G) are commutative.

Proof. We prove the commutativity of 22 (I'y,G;). For 5 (I',G) it then follows
from Proposition [6.1.8l Let a be in G4 (m) for some positive integer m. Let
ai,...,a, be the integers from Theorem |6.1.10| corresponding to a(L). Then there

exists a v € [y such that
ya(L) = LAk,
This implies that for all primes p there exists a § € O(L,) such that
vaB(z) = prz
f}/aﬁ(zé) — pr(m)*l/p(ai)Z;.

If o is the element from Lemma with z = 21, 2/ = 2] and u = spin(5), we can
replace v by 0y and 8 by Bo~! and therefore assume that 3 € O(L,)*". It is clear
that det(yaB) = p*»(™* so that det(B) = +1. Now

6 1 l/p 1,)/71(/21') _ pup(m)fyp(ai)zi
/6 1 I/p O./ 1,}/—1(2’9 — pyp(ai)zg.
Note that 0 == 0., . ...0,, . € SO(L,)" and so

o B a T y o () = pr iz
0_—15—1pyp(m)a_1f}/_10-(z;) — pyp(m)_Vp(ai)Z;’
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1.e.

Again, by the Strong Approximation Theorem for the Spin Group this implies

ma~Y(L) € SO(L)* Lat-axim,

1

Hence, o — ma~1! is an antihomomorphism with the property I' o' = I'yma™ 1T,

and so by Theorem [6.1.2] 7 (T';, G..) is commutative. O

Local Hecke algebras

We define local Hecke algebras. Let p be a prime and let
G, =GO (Len7 [;]Y and Gyp=GO (L®s2 [ﬂ)i

Since G, C G and G, C G, we have (", G,) C A (I',G) and ' (I';,G4,) C
H(I'y,G,), hence

[[#1.6)cxr.c) and [[#(T4Gsy)C AT, Gl
3 3
where [}, 4; = {2 =i icraji | aji € Aiy aj; = 1 for almost all ¢ € I'}. Note
that G,(p) = G(p) and G4 ,(p) = G4 (p). By Theorem for primes p # q we
have [I'\G(p)/T| = [I'\G(q)/T'| =1, but |[I'\G(pq)/T’| = 2. And so clearly
[[ 7.6, +21,6).
P

We show that for SO(L)™ the local Hecke algebras generate the global one.
Proposition 6.1.14. H; Ty, Gyp)=014,Gy).

Proof. Note that for any N = pr”P(N) € Q the double coset I',p»MT, =
L.p»W™) € 57T, G, ,) consists of only one right coset and so

[[@p» ™) =T N =T NT,.
p

Therefore, it suffices to show that for any o € G4 (m) the double coset I'yal'y
is in H; Ty, Gip). Let ay | ... | ar be the invariants from Theorem [6.1.10

corresponding to a. For p | m let a, € G4, be any element with the property

(L) € Ty LPP e ip (). (6.1.1)
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Let a4 be the extension of ay, to L, for a prime ¢. If ¢ # p, then a,,, € GO(L,)+
and we can write «,, = yo with v € SO(L,)" and o € GO(L,) is given by

Zi b Q2

/ !/
z; > bz

with a;b; = p»™ for i = 1,...,k. Note that a;,b; € qu and so

HO‘P‘I .) € SO(L )+qu(a1) ,,,,, vg(ar)ive(m)

plm
The product is understood to be ordered by the primes in the obvious way. As in
the proof of Theorem [6.1.10, by the Strong Approximation Theorem for the Spin

Group we have

Hap L) € SO(L)"a(L)

so that
H O[p - F+O{F+.

plm

Since the elements in I'; o, I'; are precisely those that satisfy (6.1.1) and o, was
chosen arbitrarily with this property, it follows that

H F+Oépr+ = TP+O[F+
plm

for some r € Z~o. We show that actually r = 1:

Let
hp
yapl'y = U Lo,
i=1
for p | m and assume that for some i,, j, € {1,...,h,} and v € ' we have
H Qpip, =7 H Ap,jp-
plm plm
Then

-1
CYqu qj - Haplp ’YHO(p:jzﬂ

plm/ plm/
where ¢ is the largest prime dividing m and m = ¢*m’ with (¢, m’) = 1. Now the
+
left-hand side of this equation is in SO (L ® Z B]) , whereas the right-hand side
isin SO (L®Z [%])Jr The intersection of those is just SO(L)™ and so iy, = j,. By

induction on the number of prime factors of m, the claim follows. O
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6.2 The Hecke operator 7T (p)

Let m € Zsg and let a; | ... | anjo1 | m with af | m for i < n/2+ 1. We define the
Hecke operator
Tevtza(m) =ral'y € (T, Gy),

where o € G4 (m) such that a(L) = L* /241,
Let from now on throughout p be a fixed prime. It follows from Theorems|6.1.10
and [6.1.12] that
Gp)=TaI' =T oq', UT 'y

for oy, g € G (p) such that a;(L) = L% and ay(L) = L7, We set
Tp)=T""'p)+T"(p) € AT, G),

1.e.

wz|k7'<p) = Z X(ailﬁbz'k[a]'

aelM\G(p)

We now want to describe a decomposition of G(p) into right cosets. It follows
from Lemma that both Xgo(z)+ and Xo(z)+ contains only one 0-dimensional
cusp, so let from now on z, 2 € L be fixed and set K = LN z* N 2. We choose
primitive isotropic elements w,;,w_; € K with (w;;,w_;) = —1 and set L; =
Kﬂwij ﬁwfj such that Li, ..., Ly € II,_9 is a complete system of representatives,
which is possible since L splits two hyperbolic planes. By possibly replacing wy ;
with —w,; we can assume that wy; +w_; € C. We also set w = w44, w' = w_;.

For any M € {L;(p) C L1} we choose an embedding § : L; — M by which
we mean that [ is an isomorphism of Z-modules with (8(\), 5(u)) = p(\, p) for all
A, p € L. We define an element a?\’f € G.(p) by

2 pz
2

W pw;
W w_g

A= B7H(pA) for X € Ly,

where € = =£1 is chosen such that det(a?\f) > 0 and depends on 3. Note that for
j =1 we can view 3 as an element in GO(L; ®7 Q) and then ep™/?~! = det(p).

Indeed spin(a?\f) = 1 since oz?\}lo maps w + w' to pwe; + w_.;, which are both in C.
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Similarly, we define a?\f € G4 (p) by

2 pz

2

W Wej
w5 pw_;

A= B7HpA) for X € Ly.

We set LY, == B~ 1(pLy) € {Li(p) C L;} and let p € LY}, Then E:f{ua% € G4(p)

because by Proposition [5.1.3 we have

Wej 0,1 o 0,1 Wej
E S ay =ay B,

with a3/ (1) = p and By €Ty since p' € Ly.
Furthermore, we define a}\f € G.(p) by
2=z
2 p
W PWej
W' W

A= B7HpA) for A € Ly
and le\}lo = B~ (pL1) ® pZw; ® Zw_.j. Then for v € LJI\;IO also
Ej0p = ay By € Gi(p)
with alr (V) = v.
Finally, we define oy} € G (p) by
22
2 p
W > We;

W pw_;
A= B7HpA) for X € Ly.
and Ly, == 8~ (pLy) ® Zw; © pZw_.;. Then for v € Ly, and p € LY} also
B B oy = ay By By € Gi(p)

with oy (/) = v and a}} (1) = p.
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Note that all of the above elements depend on the choice of the embedding j,
which we have omitted from the notation. However, as we will see later, a different
choice of 3 corresponds to a multiplication by some element in I' from the left.

We need to understand for Which w1 and v the above elements are in the same

we;

right coset modulo I'. For E *1 ayl and ES ., aryy this is not so difficult as we will

w.
see in the next lemma. However for E7., E aM it is more complicated. We

_11/ p

define an equivalence relation ~,; on L X L?Wl in the following way:

Let (v, ), (V, 1) € Ly} x LY. Then we say that (v, p) ~a (¢, /) if and only if
o

p—p €pl; and y—u’EpK—ierej.

p

Note that

op—p) =0 p—p)+ v —v,p—u).
And so if (v, ) ~pr (v, 1), then (v — v/, u — 1) € p*Z, which implies that also
ro
v—v €pK + WU}Q.
From this follows symmetry and transitivity of the relation. Reflexivity is clear.
Then we have

Lemma 6.2.1. For j=1,...,h and M € {L;(p) C L} the sets

G(p)JO\;[O = Fa?\4’0>

01 . wej 0,1
Gy = U TEHa,
RELY /pL;
Gl = |J TE 00
Z/EL}MO/]JK
Gp)y; = U I‘E;_l,,E;Uf{ua}\f.

1,1_ 70,1
(WR)ELY XLy [~m

are disjoint unions.

Proof. We need to show that these unions are well-defined and disjoint. If u,u’ €
L%}, then

qul(u-#u )a(f)w1 - E;Uju E;Uejua?\;
and E;Uf{u, € I'if and only if i/ € pL;. Therefore, the first union is well-defined and
disjoint. We proceed analogously for the second one. For the third let v,/ € L}\’j

and y, 1/ € LY. We have

B

z _ z z We 5 Wej
E, Lo+ ) TN (utw) T Epry B ’1VEP*1M’EP*IM

= B, EY B, B

p~in~p~lvHp-1y,
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with
w=FE> (W) = we + (wzj; V)z el
/
~ N7
fi=FE; (1) =p + (upf)z c L.

If f € pL; and V' € pK + p~ (v, p/')w,;, we write v/ = pU + aw,; with 7 € K and
a=p Yv,u') € Z. Then

By Bl = BB s B v
where FZ and EE,I ,» are in I and one verifies that B, Epilaz = id. Hence, the
union is well-defined. To show that it is disjoint assume that

E: ., El el
For A\ € L; we have
- A i Wej, V
E;—lyl ;U—lﬁ(A) - E;—ly/ <)\ + (p%) (wej + (;f)’z))
AV AW €5 )\7 ' €jr !
e O, Q) ()Y | Qi)
p p P p

This implies (A, i) € pZ and then also (A, v') € pZ. Since L, is unimodular, this is

equivalent to y/ € pL; and V' € pK + aw,; for some a € Z. Now we have

. @ . _ (Wv)  a(y) (wej,v)
Ep—lz/’Ep_lﬁ(w—ej) =FE; 1, (w—ej +p 1// + P2 Z+ 2 Wej + —L 2

p

P
w_ i, v LY
g )y W,
,,V / w€’7]/ /
+ (MPQ )Z+ q;/;L) (wej + ( ; )z> + q(;; )(wej,y’)z.

We already know that (u/,v) € p*Z, q(i')(wej, v) € p*Z and q(i)(w;, V') € p*Z.

Therefore, we must have

(w*6j> Vl) +

€ pZ,

(W', v)
p

ie. a =p(y/,v) mod p. Since pw,; € pK, we can assume a = p~*(y/, v). Hence,

(v+ v, u+ ) ~n (v, 1) and the union is disjoint. O
An easy method for finding a full system of representatives for ~,, is given in

Lemma 6.2.2. Let R C le\’j and S C L?\’; be full systems of representatives for
L}\’;/pK and Lg’;/pLj respectively. Then R x S is a full system of representatives

for Ly} x LY}/ ~ur.
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Proof. Let (v, ), (v, 1) € R x S with (v, ) ~p (V. p/). Then p — @/ € pL; and
hence p1— p/ = 0. But then also v — 1" € pK, so that v —v/ = 0 and (v, u) = (V/, it').
Let on the other hand (v, u) € L}\’j X L?\’j be arbitrary. Then there exists a y/ € S
such that p € ' + pL;. Now there exists a v/ € R such that

o
I/—qu’ eV +pK.
p

Then (v, ) ~pr (V' 1), O
We have seen that whenever we have systems of representatives for le\}[l /pK and
for L(])\’j/pLj, this defines a bijection from L}\}[l/pK X Lg’j/pLj to L}\’j X L?\’j/ ~M-

However, note that Ly, /pK x LY /pL; # Ly} x LS}/ ~ur.
It is not difficult to see that

Ly /pLy| = p"*7" and |Ly} /pK| = p"?
and using the previous lemma also
I8 % 33 oar | = 57
Now we can finally describe the decomposition of G(p) into right cosets.

Proposition 6.2.3. The union

¢ =J U (@ ucmiucmiucmy)

Jj=1 MG{LJ' (p)CL1}
15 disjoint.

Proof. First we show that every a € G(p) is in one of the above sets:

Let a(z) = (p/a)v for some primitive isotropic v € L and a € {1,p}. By Lemma

there exists a 9 € 'y with v, (v) = z and so y1a(z) = (p/a)z. This implies
a)

na(z') =az + - +v

for some v’ € K with q(v') € aZ.
Now let yya(w) = xz + y2' + A for some A € K. Then

0 = p(w,2) = (na(w), ma(z) = -2,

so that y = 0 and
0=pq(w) =a(ma(w)) =q(}).
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Let A = (p/b)u with v € K primitive isotropic and b € {1,p}. Since Ly,..., L is
a full system of representatives for II,,_s, there exits some j = 1,..., h such that

there exists a 72 € O(L) with

2> 2
22

U= Wej-
Then

Tne(z) = gz

/
yona(Z) = az' + MZ’ + Y (V)
b b
yena(w) = Twe + = (W, 12(1V')2
/
727104(11/) = bwfej + q<(/j )wsj txz+ ,u/
for ' € L; with q(y') € bZ and
1 q(p’
o= 1 (b2 + U w500 + 0120 )
Finally, we find for A\ € Ly that
)\/’ /
Yona(A) =N +yz + ( bM )weja
where X' € L; and
1 N ) (wes, v (V/
G QR )

In fact the map ¢ : Ly — L; given by §(A) = X is an embedding from L; to M’
for some M’ € {Li(p) C L;}. We set ' := pd—'. Then ' defines an embedding
p': Ly — M for some M € {L;(p) C L1}. Now let §: L; — M be the embedding
chosen for M in the beginning. We define 73 € I' by

2=z
2
Wej > Wej
W_gj =7 W—gj

A= B7IB(N) for A€ L.
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Then
132710(A) = B (PA) +yz + qu
5 A et O 1(pkl)),73(u’))w€j
with
v (7Nt 4 F I D)
= (0 oy 4 A 1)
Therefore, the element 37,7, is given by
s Ly
a
2 a + %z +v
w %wq + %(wej, v)z
w' = bw_g; + #wg +xz+p
A= BHPA) +yz + qu for A € Ly,

with v = y372(v') € K and p = 73(p’) € L;. In particular,

a = (y372m) " ch*luEljlffua'Xg(a)’”P(b),

(“)7”1’(")) = 1, we have 37271 € I'. Now we go through the

Since spin(a) = spin(a’;
different possibilities for a and b:

If a=0b=1, then E;,lyE:)f{# € I'y and there is nothing to prove.

Let a = 1 and b = p. Then EZ, € I' and E;Ufiuag}fl(L) C L so that we must
have q(u) € pZ and (87! (p\), p) € pZ for all A € L,. Since 7' (pL,) is a rescaled
unimodular lattice, this is the case if and only if u € 37 (pL,) = L?\’;.

Let a = p and b = 1. Then E;Uf{'” € I', and we have

z Wej __ We 5 z
B, EY = EYE:,,

_11/

with v/ = E%/(v) and so E;AZ,,(X}\’;)(L) C L. Analogously to the previous case we

see that this is the case if and only if v/ € L}\f.
Finally, let a = b = p. Again one verifies that E7 Ezjf{ua}\j (L) C L if and only if

v € Ly and p € LY/. This proves that G(p) is in fact a union of the given sets as

_1’/

claimed.
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Next we show that the union is disjoint. Let j,j € {1,...,h}, M € {L;(p) C Ly},
M" e {Ly(p) C L1} and a,d’, b,V € {1,p}. Let

o = Ewsj al’]&(a)#p(b) c G(p)lz’\fl(a)va(b)

z
a=lv b_ly,

o = E;’*lu’E;l/}ilf;L/Oélﬁlga )p(b') e G(p)yjé}ga ) (b')

for v, v/, u, i/ in the appropriate lattices and assume that

o =y«
for some v € I'. Then
v=dat.
We calculate
a
V(z) = ;Z

so that a = a’. Next we compute

(werjr, V') _ (wej>V)) -

a a

b
V(wg) = wey + <
hence, b = b' and j = j'. Finally, let A € L;. Then

YA =B8N + a2+ ywey
for some z,y € Z and '8 € O(L;). Then M’ = f'(L;) = B(L;) = M. This
finishes the proof. O

We now want to study how the Hecke operator T'(p) commutes with the -

operator. First, note that since L is unimodular we have

Proposition 6.2.4. Let w,w},wy, € K be primitive isotropic such that (w,w}) =
(w,wh) = —1. Then for any modular form v of weight k and trivial character for

SO(L)*" we have
V| Pyt (T) = V2| Py (7).
Proof. We must have wh, = w) + A + q(\)w for some A € K Nw* Nuwit, ie.
wy = EY(w)) with j(EY, itw + 7w}) = 1. Then
Vo | Py (T) = tginoo W, (itw + Tw))
= lim B (itw + u))

— 3 . /
= tlgnoo Y, (itw + Tw))

= w;;l@w,w’l (T)
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Since ®,, - is independent of the choice of w’, we will from now on simply write
®,, instead of @, .
We investigate how the right coset representatives of ['\G(p) that we have de-

scribed commute with the ®-operator.

Lemma 6.2.5. Let ¢ be a modular form of weight k and character x for I', where
X is either trivial or equal to det. Let j € {1,...,h} and M € {L;(p) C L1}. Then

for a = Oz?\f we have
¢z|k[a]|q)w(7—) = pk/2¢2|q)w€j (T)

If a = E;Uf{ua?\’j for some p € LS}, then

V. lk[a]|Pu(T) = pk/2¢z |(I)w5j (p7).

1,0 1,0
If a = E> i ay for somev € Ly, then

k]| P (7) = p7 20| D (#) .

If a = E;,lVE;Uf{ua}\’j for some v € Ly} and € LY}, then

wz‘k[O‘] ’q)w<7—> = pfk/2w2|q)wéj (7-)

Proof. For any a € G we have

Y-ilo]|®u(7) = lim . |s[o](itw + ru)

= lim p"%j(a, itw + Tw") "*, (a(itw + Tw')).

t—o00

We set Z = itw + 7w’ so that Z;, = Z + 2/ —itrz.

Let a = oY} or a = E;Ufiua?\j with € LY. In both cases we have a(Z;) =

a(Z)+2' —ittpz. Since a(Z) is orthogonal to z and 2’ we obtain j(a, itw+7w') = 1.
Hence,
Uululal|.(r) = lim 20 (a2)
_ k2
p* lim ((aZ) 1)
= p*/% lim ¥ (a(Z1))
t—o00
= pk/? Jim Y(ita(w) + Ta(w') + 2" —itTz)
—00

= ph/? tlim W, (ita(w) + Ta(w'))
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since a(w) and a(w') lie in K. If o = a7, then

U, |k[a]| P (T) = pk/2 tlim W, (ita(w) + Ta(w’))
—00
= pk/Q tlim wz(itpwej + Tw_ej)
—00

= pk/2¢z|q)wej (T)

_ We 01
If a= Ep,luaM, then

U, |k[a]| Py (1) = pk/? tlim P, (ita(w) + Ta(w'))
—oo
=2 lim . (itwe; + 7(pw—e; +p~" alp)we + 1)

_ k/2 7 —2mmt
=p tlgélo E a(nwe; + mw_; + Ne
n,m>0
AEL;
2nm>(\,\)

e(mrp ™" q(p))e(npr)e(—(X, 1))

tlgglo a(nwe;)e(npr)
n>0

= p*'*p, | Dy, (pT).

-

Now let o = E;_lya}\’f or o = E;_lyE;Uf{Majl\j for v € Ly or v € Ly, respectively
and 1 € LY. Then we have a(Z;) = a(Z)4+p2' +p ' q(v)z+v—itTz. Since a(Z) is
orthogonal to z, we obtain («(Z), z) = (pz’, z) = —p. Therefore, j(a,itw + Tw') =

p. We thus have

Gelelal B (7) = lim p™2 (a(2)
=p "2 lim y((aZ)y)
=p " lim ¥ (j(a, 2) " a(Z1))

= 2 lim G (itaw) + ra(w') + 2+ pta(v)z + v — itr2)

q(v) —itpr Z)

it
= p /2 lim ¢ (Z—oz(w) + Zoz(w’) + 24 5

t=o0 p p p p

it
= p %2 lim W), (%a(w)h{ + ;—)a(w’)h( + Z) ,

t—o00 p

where a(w)|x and a(w’)|x denotes the projection of a(w) respectively a(w') to K

(Note that a(w) and a(w’) are orthogonal to z but not necessarily orthogonal to
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2. Ifa= E;_lya}\’f, then

v
U, |k[a]|Pw(T) =p —k/2 hm ), (thq—i-pw_q—l-p)

=p~ %2 lim Z a(nwe +mw_gj + N)e 2™

t—o00
n,m>0
/\ELJ‘
2nm>(A,N)

e(nt/p)e(=n(v, wg)/p)e(= (A, v)/p)
=2 Y anug)e (TLT - (v, wej))

n>0 p

_ T — (V, We4
:p k/2w2|(bw5j <M) .

p

We 5

Finally, if a = EZ_IUEp_luon, then
_ . it ! v
_ o —k/2 v
U, |k[a]|Pw(T) =p tlgcr)lowz (pw6]+7'<w G T ) —i—p)
g 5)
n>0
Note that we have (w.,v) € pZ and so

Voli[a]| @ (1) = p72 Y a(nwg)e(nr)

n>0

= p_k/2¢z|q)wej (7).
O

We will see in the next theorem that applying the ®-operator after the Hecke
operator 7 (p) is the same as first applying a linear combination of ®-operators
and then a classical Hecke operator on the space of modular forms of weight k
for SLy(7Z). For this purpose we consider the Hecke algebra 5 (SLy(Z), GL2(Q) ).
By the elementary divisor theorem for the symplectic group (cf. Lemma any
double coset of integer matrices in SLy(Z)\ GLy(Q) . /SLs(Z) has a representative

L 0
0 Iy

for positive integers l; | I and it is well-known that

SLy(Z) (lg 2) SLy(z) = | SLa(2) (g Z)

ad=l1l2
beZ/dZ
ged(a,d,b)=ly

of the form
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In particular,

SLy(Z) ((1] O) SLo(Z) = SLy(Z) <€ (1)> upU SLo(Z) (; b) .

p

We denote the space of modular forms of weight k for SLy(Z) by My. The Hecke
algebra 7 (SLa(Z), GLy(Q)4) acts on My by

f1iSLa(Z)6SLo(Z) = > flx[6i]

§; ESLo (Z)\SLQ (Z)(;SLQ (Z)

and we define the Hecke operator
 qk/2—1 L0
T() =1 -SLo(Z) 0 1 SLy(Z) € A (SLa(Z), GLy(Q) 4 ) ®7 C.

Note that the operator T'(I*) coincides with the operator by the same name acting
on the space of vector-valued modular forms when the discriminant form is trivial
defined in Section . (For more details on classical Hecke operator cf. for example
21].)

Recall that L; ..., L, € II,,_5 5 is a complete system of representatives and w4 ; €
K are primitive isotropic vectors with (w;;,w_;) = —1 and L; = K N w}rj N wfj,
where K = L Nzt N 2" for primitive isotropic vectors z,2’ € L with (z,2') = —1.
We furthermore set w = w,; and w' = w_;.

We define representation numbers 73 (p) in the following way: If x is trivial, then

r¥(p) = #{L;(p) C L1}

If x = det, we do the following: Recall that for any M C {L;(p) C L1} we chose a
B :L; = M and defined € = %1 such that a?\f has positive determinant, which in
general depends on the choice of 8. If a = a?\f and o is the corresponding element

for a different choice 8" : L; — M and € accordingly, then o/a™! € T'; is given by

VAl o VA
22
Wej H We'j
W_ej = W—¢j

A B1B(N) for Ae L,
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where 3713 € O(L;) with det(8~'8) = e€’. So if L, is chiral, then € = ¢ does not

depend on the choice of 8, but only on M. In this case we set
r;‘(p) =#{M € {L;j(p) C L1} | e =+1} = #{M € {L;(p) C L1} | e = —1}.

If L; is achiral, we set 7Y(p) := 0. Recall that for j = 1 we have ep"/?~ = det(f).
We obtain

Theorem 6.2.6. Let x be either trivial or equal to det. Then the diagram

h o X(p) P
M(T, ) 2
T(p)l lpn/Zk/QT(p)+p7Lk/21+pk/2

Mk(F7X) L M,

commutes.

Proof. For any j = 1,...,h and M € {L;(p) C L} let Sy; C L}, be a full system
of representatives for L% /pL Then {v/ +bw_; | v € Sy, b€ {0,...,p—1}}is
a full system of representatives for L7 Y / pK and by Lemma m

{V +bwg |V €Sy, be{0,...,p—1}} x Sy

is a full system of representatives for L} x LY/ ~u. Note that for v = v/ + bw_;
with v/ € Sy we have
T—(Vwg)  THD

p p

Now by Lemma [6.2.1] and Proposition [6.2.3] we have

h

J=1 {L'(p)CLl} HESM
1,0
+ Z%Ik 1t O
v'eSy b=0

EY S S B s Bl

v'eSy b=0 peSy
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Employing Lemma yields
Vi T (p)|®u(7)

h
=) ( B | @y (1) + P2 ) 4|y, (pT)

Jj=1 Me{L;(p)CL1} HESM

+p 2y sz| o (T+b)

v'eSy b=0

+p k2 Z Z Z ¢Z|<I>w6j(7')>

v'eSy b=0 peSn

p—1
Z (pn/Qk/2 (pklwz‘q)wej (pT) + Zpilwzwq)wq. (T ;_ b))
}

Me{L;(p)CL1 b=0

+ pn_k/2_1¢3|®wej (T) + pk/2¢z|q)wej (T)>

h
_ Z Z (pn/Z—k/2¢z|¢,ij
j=

1 Me{L;(p)CL:1}

I
.
I M:
i

#T'(p)(7)

00, (1) 4 00, (7))
Finally, note that v.|®,,, = 1.|®,,, if x is trivial and

e,|®,,. if L;is chiral
1/}Z|®w€j _ w | +J J

0 else

if x = det. Therefore,

Vi T (P)|Pw(7)

h
= rX(p) (PP Do KT (p) (7) + 9" e | @y, (7) + 9240 @ (7))
j=1



Chapter 7
Eigenvalues of Borcherds’ ®{9

An important examples of an automorphic product is Borcherds” ®5. It is the mul-
tiplicative Borcherds lift of 1/A on the lattice L = Il555. We will recall some prop-
erties of ®5. It is an eigenform for the Hecke algebra #(O(L)", GO(Lg)T) studied
in the previous section. We will compute an explicit formula for the eigenvalue A(p)
of @15 corresponding to the Hecke operator 7 (p) using the Satake isomorphism.

This chapter is based on joint work with Moritz Dittmann and Nils Scheithauer
(cf. [22]).

7.1 Definition of &, and its eigenvalues

Let L = Il and let @15 be the multiplicative Borcherds lift of 1/A on L, where
A(1) = q]];2,(1 — ¢")** is the modular discriminant. Then @15 is a holomorphic
automorphic form of singular weight 12 and character det for the group O(L)™ (cf.
[6, §10]).

For any primitive isotropic z, 2/ € L with (z, 2’) = —1 we write L = Il5;1®(z, /).
Let w,w" € Ily5; be primitive isotropic with (w,w’) = —1 such that w + v’ € C,
where C is as in the last two chapters (see page . Then we have Ily;; =
N @ (w,w'), where N is a Niemeier lattice. In fact, the orbits of primitive isotropic
vectors in IIys; under O(Ily5 ;) are in 1-to-1-correspondence with the Niemeier lat-
tices. Now let p € II55; be a primitive isotropic vector corresponding to the Leech
lattice A, i.e. IIy51 = A @& (p, p') for some isotropic p’ € 51 with (p, p') = —1 and
we again assume that p+ p’ € C. Then &4, has a product expansion on H, ./ given
by

12(2) = e(~(p,2)) ] (1 e(—(a, 2))y 2, (7.1.1)

+
()461125‘1

181
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where II55 | denotes the positive roots of IIr5; and 1/A(7) = 32 ¢(n)q". The

n=-—1

Weyl group W is generated by the reflections in elements of IIy5; of norm 2. Since

®,5 is antisymmetric under this group and of singular weight, it follows that

©12(Z) = > det(w)e(—(wp, 2)) [ [(1 = e(—(nwp, 2)))*. (7.1.2)

Recall that II55, = N & (w,w’) for primitive isotropic vectors w,w’ € Il551. Note
that the Leech lattice is the only Niemeier lattice which is chiral. By Lemma
(.24 @5 should be identically 0 on those 1-dimensional boundary components

corresponding to the Niemeier lattices other than the Leech lattice. Indeed, it
follows from equation ([7.1.2) that

det(y)A(T) if v(p) = w for some v € O(Ilp51)"
(I)12|q)w(7') =
0 if N2A

and note that there exists a v € O(Il51)" with 7(p) = w if and only if N = A.

Interestingly, @, is the only holomorphic automorphic product of singular weight
on a unimodular lattice (see [62] and [23]). In particular, dim(M2(O(L)*, det)) =1

(see also [6], §10]) so that we must have

<I>12|127(p) = )\(p)CI>12

for some A(p) € C.

Let K, wyq,...,wyp and Lq,..., L, be as in the previous chapter. Then K =
IIys1, h =24 and Ly, ..., Los € Il54 are the 24 Niemeier lattices. Let Ly = A be
the Leech lattice and w; = p be the same as in ([7.1.2). Then

r(p) = r{"(p)
= #{M C A | there exists a §: A(p) = M such that det(8) = +1}
— #{M C A | there exists a 3 : A(p) = M such that det(8) = —1}

det

and r§¢(p) = 0 for j > 1 since A is the only Niemeier lattice which is chiral. From

Theorem [6.2.6] now follows

Proposition 7.1.1. The eigenvalue \(p) of ®1o corresponding to T (p) is given by

Ap) =r(p)(p'r(p) +p" +p°).
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Proof. By Theorem [6.2.6] we have

Ap)P12| P, = P12/12T ()|,
=r(p) (p7q>12|q)p’12T(p) + p19¢12|¢p + pﬁq’m\@p)
= r(p)(p"T(p) + p'* + p°)P12|®,,
where we have used that ®15|®, = A and A}12T(p) = 7(p)A. O

Finally, we want to derive a formula for 7(p). We choose an embedding A C R?!
such that the bilinear form (-,-) on A extends to the standard scalar product on
R?%. Consider the Siegel theta series

0( — Adet Z det 7T7,t1‘( )\)\)Z)

AEA24

where det()) is the determinant of the 24 x 24-matrix A = (Ay,..., Agq) with \; €
A C R* as a column vector. Then 6 is a cusp form of weight 13 for the group

Spus(Z). The Fourier expansion of 6 is given by

0Z)= Y a(S)em"P

S=ST even
S>0

and if G is any Gram matrix of A, then a(pG) = p*?r(p)a(G). Note that a(G) =
+# Aut(A).
Consider the Hecke algebra

%(n) = %(Spgn(z)a GSan(@)+)7

where GSp,,, (Q)y = {M € GLy,(Q) | MTJ,M = 1J, for some | € Q(} denotes
the group of symplectic similitude matrices of rank 2n. Analogous to the Hecke
algebras we have already seen, it acts on the space of Siegel modular forms of
weight k for Sp,,,(Z) by

fT= S M,
MESpy, (Z\T
where T = Sp,,,(Z)MSp,,,(Z) € 5™ is some double coset. In particular, for a

prime p define

I, 0

Spy,(Z) € ™ @y C.
0 pl,

The following is Theorems 5.2 and 5.3 in [29] and is shown using an explicit formula

for the action of a Hecke operator on theta series.
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Theorem 7.1.2. The theta series 0 is a simultaneous eigenform form for the Hecke
algebra Y @5 C. Let p be a prime. The eigenvalue p(p) of 0 corresponding to
the Hecke operator T®%(p) is given by

a

_ a(pG) = —j
p(p) = @ 'H(Hp ).

In particular, we find that

r(p) = pu(p)-p [ +p) 7

j=1
Note that in [31] the slash operator of an element M € GSp,, (Q), does not contain
the factor det(M)*/? and the operators 7% (p) are not normalized as they are in
the present work. Therefore, the formula in [31] slightly differs from the one given

here.

7.2 The Satake isomorphism

In [18] and [19] the Satake parameters of 6, which encode its eigenvalues, where
determined using deep results from the theory of automorphic representations. We
will explain what Satake parameters are and how they can be used to calculate the
eigenvalues of 6. We will not explain all the terminology or give all details, as far as
we can use them as a black box. We remark that it should also be possible to work
directly with the Hecke algebra of the orthogonal group O, acting on the Niemeier

latices to compute 7(p), but we do not do this here.

Local Hecke algebras

Let Gy, be the Z-group scheme given by A — A* on the category of rings. We

furthermore define the Z-group schemes given by
GSp,, (A) = {M € Maty,(A) | M*J,M = 1(M).J, for some (M) € A*},
Sp2n = ker(l)a
PGSp,,, = GSp,,,/Gulan,

where [ : GSp,,, = G, is called the similitude factor and the quotient is formal as

fppf-sheaves. Note that PGSp,, (A) = GSp,,,(A)/A* - Iy, for all local rings A (by
Hilbert’s theorem 90). When A is a subring of R let us also set

GSpy,,(A)y = {M € GSp,,(A) | (M) > 0}
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and PGSp2n<A)+ = GSp2n<A)+/AX[2n
Similar to the situation of the orthogonal groups, the operator T (p) is also in
the local Hecke algebra J¢ (Sp2n(Z), GSan(Z[%])Jr) ®z C. Since diagonal matrices

act trivially on Siegel modular forms, 70 (p) acts identically to its projection onto
H <PGSp2n(Z)+, PGSp,,(Z] ])+) ®z C. From the elementary divisor theorem for

1
p
the symplectic group it follows that the natural map

PGSpy, (2)\PGSDy, (2 |3]) /PSP (2):
— PGSp,,,(Z,)\PGSp,,, (Qy) /PGSpy, (Zy)

is a bijection (cf. [I8, Section 4.5.5]). We can therefore consider 7™ (p) as an
element of 7 (PGSp,,(Z,), PGSp,,,(Q,)) ®z C. Furthermore, it is not difficult to

see from the elementary divisor theorem that

SP25(Zp)\SP2n (Qp) /SPan(Zp) = PGSpy, (Zp)\PGSpy,, (Qy) /PGSpy, (Zy)

and this implies

H (SPan(Zyp), SP20(Qp)) = H(PGSpy, (Zp), PGSpa, (Qp))-

The Langlands dual group

We will now describe the Langlands dual group as introduced by R. Langlands. We
use as reference |18, Section 6.1] and [37].

Let X and XV be free abelian groups of finite rank endowed with a perfect
pairing (-,-) : X x XV — Z. Let ® C X and ®" C XV be finite subsets endowed
with a bijection denoted by o — «". Assume that for any o € ® we have (o, @) = 2
and 0,(®) = ® and o, (PY) = OV, where

Vv

oo(r) =1 —(x,a")a and o, (x) =1z — (z,a)a".

Then
(X, @, XY, ®Y)

is called a root datum. The elements in ® (resp. in ®V) are called roots (resp.

coroots). Furthermore,
(X, ®, XV, 0Y) = (XY, 3", X, D)

is also a root datum called the dual root datum of (X, ®, XV ®V).
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Let k£ be an algebraically closed field and let G be a connected split reductive
k-group. We fix a maximal torus 7" of G. We denote by

X*(T) =Hom(T,G,,) and X.(T):=Hom(G,,,T)

the free abelian groups of finite rank consisting of the characters and the cochar-
acters of T, respectively. They are naturally endowed with a perfect pairing (-, ) :
X*(T) x X.(T) - Hom(Gy,, G,,) = Z (Note that any f € Hom(G,,, Gy,) is of the
form f(z) = 2" for some n € Z). Let ® := ®(G,T) C X*(T) be the finite set of
roots of G, i.e. the characters of T" occurring in the adjoint representation of Lie(G)
and let ®V := ®V(G, T) C X.(T) be the finite set of coroots (see [I8, Section 6.1.1]).
Then
V(G) = (X(T), @, X.(T), @)

is a root datum and one can show that it is up to isomorphism independent of the
choice of T. Now a Langlands dual group of G consists of a reductive C-group G
and an isomorphism \If(@) = ¥(G@)Y. The C-group G is then uniquely determined
by G, up to inner isomorphisms, i.e. isomorphisms of the form z — gzg~! for some
g € G(C). Note that if we consider based root data, then there exists exactly one
pinned group G such that the based root datum of G is equal to the dual based
root datum of GG. Therefore, it makes sense to speak of the Langlands dual group.

We consider three examples (cf. [I8, Section 6.1.3]). Let G = GSp,, with maxi-

mal torus
T(A) = {diag(z1, ..., zn, 207 - -, 2020 ") € GSpy,(A) | 20, 215 -, 20 € A%}

For t = diag(z1,. .., 2n, 202, Ly .., 202] 1) € T(A) let ¢; € X*(T) be the character
¢:(t) = z. Then (g, €1,. .., 6,) is a basis of X*(T') = Z"*! and ®(G,T) consists of
the elements +(¢; —¢;) for 1 <i < j <nand £(¢; +¢; —¢) for 1 <i < j < n.
Let (€5, €7, .., €,) be the dual basis of (e, €1,...,¢6,). Then (¢; —¢;)" = € — ¢} and
(€ +¢j—€)” =€ +¢ fori < jand (2¢; — €)" = ¢;. The Langlands dual group
of GSp,,, is

GSp,, 2 GSpiny, 1.

the general spin group of rank 2n + 1.
Now let G = Sp,,, with maximal torus 7' = T N G. Then the character ¢ acts
trivially on T and we get X*(T) = X*(T)/Zey = Z". The group of cocharacters is

given by X,(T) = et C X.(T). We have

Span, = 502,41 -
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Finally, consider G = PGSp,, with maximal torus PT = f/GmIQn. The central
cocharacter ¢ = 2¢5 + > | € acts trivially modulo G, 5, and so X “(PT) = ¢+ =
7" and X, (PT) = X,(T)/Z¢. The Langlands dual group of PGSp,, is

P@n = Spin2n+1a

the spin group of rank 2n + 1. We will later describe the spin group, which is a

double cover of SOs,.1, in more detail.

The Satake isomorphism

Let G be a connected split reductive Z-group. We define the Hecke ring 77, (G) =
H(G(Zy,),G(Qy)). Let G be a Langlands dual group of G. The isomorphism
classes of finite dimensional C-representations of G together with direct sums form
an abelian semigroup. Its associated group of fractions Rep(@) consists of formal
differences [p1] — [p2] modulo the equivalence relation generated by [p1] — [p2] ~
[p1 @ p] — [p2 @ p] for finite dimensional C-representations p of G. Let po be the
trivial irreducible representation. Then [p] — [p] — [po] for p some irreducible
C-representation defines a homomorphism from the free group generated by the
isomorphism classes of irreducible, finite dimensional C-representations of G to
Rep(é). Since any finite dimensional representation of G is isomorphic to a unique
sum of irreducible representations, this is a bijection and we identify the two groups.
The tensor product (p, 0) — p®o defines a commutative ring structure on Rep(G).
An element ) . a;[p;] € Rep(G), where a; € Z and the [p;] are isomorphism classes
of irreducible C-representations of G , is called a wvirtual representations.

There exists a canonical ring isomorphism
Sat : H#,(G) @ C = Rep(G) ® C

called the Satake isomorphism introduced by Satake [58] and revisited by Langlands
[45, Section 2|. We will not explicitly describe the Satake isomorphism and refer to
[58] and [37] for details. The idea is the following: By elementary divisor theorems
similar to |30, Hilfssatz IV.1.12] and Theorem 74,(G) has a basis consisting
of characteristic functions of G(Z,)\(p)G(Z,), where X is a cocharacter of a maximal
torus T' C G. By the theorem of the highest weight, the irreducible representations
of @, which form a basis of Rep(@), are in correspondence to certain characters of
a maximal torus 7 C G. Because the cocharacters of T are just the characters of T
this gives a natural isomorphism between the two rings. Note however, that in gen-
eral G(Z,)\(p)G(Z,) is not necessarily mapped to the representation corresponding
to A.
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Suppose that M is a C-vector space such that for all primes p the ring J,(G)
acts on M and f € M is a simultaneous eigenform for all 72, (G) with

f|T = /\p(T)f

for all T € #(G). Then A, € Hom(%,(G),C). On the other hand let G(C)y be
the set of conjugacy classes of semisimple elements of @(C) For c € CA;(C)SS and a

representation p : @((C) — GL(V,) we denote by trace(c | p) the trace of p(c). Then

~

trace(c | -) extends to a ring homomorphism tr(c) : Rep(G) — C and the map
tr : G(C)s — Hom(Rep(G), C)
is a bijection by a classical result due to Chevalley. In particular, we get
Proposition 7.2.1. The map
G(C)ss — Hom(H(G),C), ¢ tr(c) o Sat
15 a biyjection.
Using the previous proposition we can now define Satake parameters.

Definition 7.2.2. Let f € M and A\, € Hom(%,(G), C) be as above. Let (g, c3, .. .)
be a tuple consisting of elements ¢, € G (C)gs indexed by the primes such that

tr(c,) o Sat = A,

for each prime p. Then the elements in (co, c3, .. .) are called the Satake parameters

of f.

Let a and a™' be the zeros of the polynomial X2 — 7(p)p~'"/2X + 1 and set

¢, = diag(a, a—l) ® diag(p_n/z,p_n/QH, o ’p11/2)

S diag(p_12ap_117 s 7p12) S SO49(C>SS‘

Then the Satake parameters of § as an eigenform for the Hecke algebra of Sp,q are
given by
(CQ, Cs, .. )

(see [19, Theorem 6.4]). This allows us to calculate the eigenvalues of # for all
Hecke operators T € 5 (Spus(Z,), Spus(Q,)). Unfortunately however, T4 (p) ¢
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A (Spus(Zy), Sp4s(Qp)). But the action of (7Y (p))2 on the space of Siegel modular

forms is (up to normalization) identical to the action of

(Sp48<zp> (p_;[“ f) sp48<zp>) - <Sp48<zp> (IS‘* p?) sp48<zp>)

€ H(Spus(Zyp), Sag(Qp))

since scalar matrices act trivially. We can therefore compute y(p)? and hence pu(p)
up to sign. Determining the image of (7Y (p))2 under Sat for ., (Sp,g) is rather
tedious and it is easier to work with 7% (p) directly.

We consider PGSp,,,. We have seen that ., (Sp,,,) < %,(PGSp,,,) and T™ (p) €
6,(PGSp,,,) ®z C. Recall that the Langlands dual group of PGSp,,, is the double
cover Spiny,, . of SOg,11 and the covering map Spin,,, | — SOg,41 naturally gives
a ring homomorphism Rep(SOgy41) < Rep(Spin,, ;). By [58, Section 7, Theorem
4] the diagram

H(SPyy) ©z C —22 5 Rep(SOgp41) ®z C

I l

H,(PGSp,,) ®7 C —* Rep(Spin,, ;) ®z C

commutes. Therefore, the Satake parameters of § with respect to PGSp,g must be
in the preimage of (cg, c3, . ..) under the covering map Spin,g — SOy9 and the kernel
of the covering map must act non-trivially in Sat(7?%(p)). In fact by [I8, (6.2.8)]
(also cf. [37, (3.15)]) we have

nk—n(n+1) n(n+1)

Sat(T™M(p)) =p 2 -p 1 [pspin),

where pgpin is the 2"-dimensional so-called spin representation of Spin, ;.

Spin groups and the spin representation

We describe the spin group Spin,, in more detail and construct the spin represen-
tation. A nice reference is [32].

Let (V,q) be a quadratic space over a field K. A Clifford algebra CL(V,q) is a
pair (B, 1), where B is a unital associative K-algebra and i is a linear map i : V' — B
that satisfies

i(v) -i(v) = q(v) - 1p
for all v € V with the following universal property: Every linear map j : V — A for
some unital associative K-algebra A that satisfies j(v)-j(v) = q(v)-14 forallv € V
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factors through B, i.e. there exists a unique algebra homomorphism ¢ : B — A

such that ‘
i
N

commutes. We can construct CL(V, q) by

Vv

Sy

o)

<—

N

B=T\V)/1(V),

where T(V) = K@V @&V . .. is the tensor algebra of V and (V) is the double-
sided ideal generated by all elements of the form v ® v — q(v)1. Then ¢ is given by

the composition of the natural maps
V—T(V)—>B

and is injective. By the universal property of the Clifford algebra, B is unique up
to isomorphism. We therefore simply write CL(V, q) instead of B, drop the ¢ and
consider V' as a subspace of CL(V,q).

Now let V' = C™ with basis (e;)!", and for v = >_\" | ze; set q(v) = — >z
Let CL,, = CL(V,q). We remark that because all non-degenerate quadratic forms
on V are isometric, the choice of q does not matter, however, our choice of q will
make the construction of the spin representation easier. The spin group Spin,,(C)
is the multiplicative subgroup of CL,, consisting of elements that are the product

of an even number of factors with norm 1, i.e.
Spin,, (C) = {vy - vo | v; € V,q(v;) =1fori=1,...,2k and k € Z>}.
Now let x,v € V. Then
az +v)l = (2 +v)? =q(@)l +q(v)1 + 20+ vz

so that
rv = —vz + 2(z,v)1,

where (z,v) = q(z +v)/2 — q(x)/2 — q(v)/2. Hence, if q(v) = 1, then

1

T —vxv T = —vzv = x — 2(z,0)v = 0,(7)

defines a reflection on V. Since any element in SO,,(C) is the product of an even

number of reflections, we get a surjective representation

Spin,, (C) = SO, (C), 7~ (z+ —yzy ).
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Elements in the kernel of this map must be in the center of CL,,, which is spanned by
lifmisevenand by 1 and e; - - - €,, if m is odd. The latter element is not in Spin,, (C)
in this case. The involution ¢ : CL,, — CL,, defined by ¢(v; - - vg) = vg - - - v gives
the identity on multiples of 1 and for v € Spin,,(C) we have ¢(y) = y~!. Therefore,
the kernel of the covering map is {£1}.

We construct the Spin representation by first constructing a representation of
CL,,. With 1+ (1,1) and e; — (i, —i) we see that CL; = C @& C. If we interpret
C & C as the diagonal matrices in Mato(C), we get a representation of CL; on
C?. The algebra CLy is uniquely determined by the relations e? = e3 = —1 and

e1es + ege; = 0. Equally, we have for

(o i 0 (o i (o -1
- 0 1 ) g1 = 0 —i ) go = i 0 ) 9192 = 1 0

that g2 = g5 = —1 and g19> + g2g1 = 0. Therefore, CLy = Maty(C). For m > 2 we
define an isomorphism CL,,, = CL,,_» ® Maty(C) by

e 1®ag, e 109, e —(ej_2®1igig2).
Using induction on m we get a representation

Matgn (C) if m = 2n is even

Maton (C) & Matgn (C)  if m = 2n + 1 is odd.

~

p:CL,, —

Let us from now on consider only the case m = 2n + 1 is odd. We define the Spin

representation on the space C?" by

PSpin = M1 © p‘Spingn_H((C)a

where 71 : Matgn (C) @ Matgn (C) — Matgn (C) is the projection onto the first com-

®@G-1)
0 —i) v

ponent. Note that for j = 1,...n we have

€2j—1 — IQn—j ® <O

<. O S
o .
Z = Lo
~___—
® ®
R
-~
o |
~.
~_ — <
&
Ml.

€95 — ]Qn—j X <

7.3 An explicit formula for r(p)

We will now construct an element C,, € Spin,(C) such that £C), — ¢, under the
covering map Spin(C) — SO49(C). Since pspin(—1) = —Izn, we again see that
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¢, does not contain the information of the sign of p(p). Recall that for isotropic

elements v,v" € V with (v,v") = 1 and a € C* the element 0,4, 0,14 is given by

=
v = a

ww  for w e (v,v)*"

For j =1,...,n we define the isotropic elements

v — €251 + €2; U/ o €951 — €3j
=, = v
V2 ! V2

and ) ,
R . vj + av;

TR Ve

which is mapped t0 0y, 11/ 04, +0v; under the covering map Sping, 1(C) — 5O24,41(C).

€ Spin2n+1 (C>7

Then we get

Lemma 7.3.1. Let a be a zero of X? — 7(p)p~'Y2X + 1. Then

12 12
Cp = H Vjp-1l/2+i-1g H V12+4j,p—12+i-1
s j=1
gets mapped to c, under the covering map Spiny,  (C) = SOsg,41(C).
Proof. For the basis

/ / / /
(U17 CRC 7U127U127 ... 7U17 V13, ..., V24, 6211—&-17”247 LR 7U13)
of V the image of C, under the covering map takes the form

diag(a,a™") ® diag(p~"V/2, p~ /21 . p"V2) @ diag(p~ 2 p M, ... p").

O
Note that
, i(1+a)ey;1+ (1 —a)ey;
i L e (1 e
1+a 1+,1—a
_ —_— . 1——— - €9, 169
2\/a 2/a T
and so

1+a 1-—

(Via) = LI R B
in ia) = . n (3 . n—j j—1.
pSp 7]7 2\/& 2 2\/5 2 1 0 2
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Since tr (9 ') = 0, only the first summand contributes to the trace of pgpin(Cj) s0
that

12 j 12 ’
14 p~ /241 14 p 1241 94
trace(C) | pspin) = U (2 21, H m .2
P 12

H 711/2+j 1 ﬁ 1"‘]9
7j=1

where 39 = —1 3712 (—11/2 45— 1) = 1 0 (~12+ 5 - 1).

Now we can finally prove

Theorem 7.3.2. Let p be a prime and let a be a zero of X? — 7(p)p™'1/2X + 1.
Then the representation number r(p) is up to a sign equal to
o 11
r(p) =+ [ +p " a).

7=0

Proof. Since Sat(T®%(p)) = p°® - [pspin], the eigenvalue pu(p) of 6 is

p(p) = p° - trace(£C, | pspin)-

We have seen in Theorem [7.1.2| that r(p) = u(p)p~*2 - Hjlil(l +p~7)~! so that

12
r(p) = p O - trace(+C, | pspin) H(l tpi)t
j=1

33 11
_:l:_H +p 11/2+j )
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